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1. /IBoiicTBEHHOE BEKTOPHOE INPOCTPAHCTBO

B nacrosieii pabore Bce BEKTOPHBIE MPOCTPAHCTBA MPEJINOIATAI0OTCS KOHEYHOMED-
HBIMHM BEKTOPHBIMH IIPOCTPAHCTBAMHU HAJ, 1MojieM P HyJeBoil XapaKTepUCTHKH.

Onpeaenenne 1. Jlunetinot gpynrxuuet na sexmoprom npocmparcmee V Ha3bIBa-
ercs orobpaxkenue [ :V — P, yJI0BJIeTBOpSIONIee CIAYIONIM YCIOBUIM:

L@ +79)=f(@)+ 1) VT, 7 €V,

2. f(aT)=af(T) VT €V VaeP

Jluneitnas pyukius Ha V' Takke Ha3bIBACTCS AUHETHOM OYHKUUOHAAOM, 1-Popmot
WA K06EKMOPOM Ha V.
3ameuanme 1. Yeiousg 1 u 2 onpejesierusi 1 SKBUBAJEHTHBI Gy OIIEMY

[T +bY)=af(T)+bf(Y) VT, ¥ €V, Va,be P.

3ameuanmne 2. Camo nojie P siBisiercst 1-MePHBIM BEKTOPHBIM TPOCTPAHCTBOM Ha,T
P. JleiicrBuresbHo, 1060i HeHyJIeBOi snemeHT a € P onpenenser 6asuc B = {a},
HOCKOJBKY 71 Ji06oro b € P OyaeM mMeTh paBeHCTBO b = ga. C 3T0it TOYKY 3peHusd
JuHelHble (pyHKIUKM Ha V' — 9T0 JuHelinble oTobpaxkenus u3 V B P.

Sameuanue 3. Jluneitnas GyHkuusa (Kak u JUHEHHOE OTOOParKeHHE BEKTOPHBIX
[IPOCTPAHCTB) OIPEIesieTCs €JAMHCTBEHHBIM 00DA30M CBOMMHU 3HAYEHHUSIME HA BEKTOPAX
Kakoro-mbo Gasnca (cM., nanpumep, [1]).

ITpumep 1. Ilycter R" — n-MepHoe apudMeTHYECKOe BEKTOPHOE MPOCTPAHCTBO,
re. R" = {(z1,22,...,2,) | z; € R}. Torna mng moboro i = 1,n orobpaxkenue f; :
(x1, 9, ..., T,) — x; aBAsieTcs auHelnoit gynkumeit ma R".

IIpumep 2. Oyukuust o f) = f'(xg), vo € R, aBiasercs juneiinoil HyHKuuen Ha
npocrpancree C(R) quddepennupyembix (hyHKIUI Ha BeUeCTBEHHOH TPAMOIi.

IIpumep 3. Oyukuns f(A) =tr A, rue tr A— ciaen marpunpt A, siBiisieTcst TuHei-
HOli Ha mpocrpancTBe M, (P) KBajpaTHBIX MATPHIIL.

Ompenenenne 2. [IpocTpancTBo BeexX TUHEHHBIX (DYHKITHOHAJIOB HA V' HA3BIBAETCS
dsoticmeentoim K V IIPOCTPAHCTBOM M oOo3HadaeTcs V™. /IBoiicTBeHHOE TPOCTPAHCTBO
TAKZKe HAZBIBACTCS CONPAHCEHHLLM WA 0YaAbHbLM. AHATOTHIHBIM 00pPa30M MPOCTPAH-
CTBO BCEX JINHEHHBIX (DYHKITHOHAJIOB HA V™ Ha3bIBaeTCs d6aocov, deoticmeentvim K V
HPOCTPAHCTBOM M obo3HadaeTcs V**.

3ameuanne 4. Tenepb, 09€BUIHO, MOXKHO ONPEIETHTH OECKOHETHYIO MOCIEI0BaA-
TEJTBHOCTH MPOCTPAHCTB V/*** Y/ ****

Teopema 1. dim V = dim V™.

HoxkazarenscrBo. [Tycrs By = {e7,...,€,} — Gasuc B npocrpancrse V. Torga
Jutg 106010 ¢ = 1,...,n CyImecTByeT eJIMHCTBeHHas JauHeiiHas dyukus f; : V — P,
yaopserBopsiomas pasemcrBam: f;(€7) = d;; (cMm. 3amevanue 3). 31ech 0;; - CHMBOIT
Kponekepa, T.e. d;; — KoappunueHTH e TUHIIHON MATPHUIILI

1 mpui=y

0ij = 0 mpmi#j

[Tokazkem, aTo Juneitnbie (pyHKIun f; odpaszyior 6a3uc B mpocrpancTse V*. [Ipose-
pPUM, YTO BBIIOJHEHO TEepBOe YCI0BUe Ha3uca, T.e. 4To JIIOOOH JuHeiHbIH dYHKIIHOHAT



Ha V MOYKHO TIPEJCTABUTH KAaK JHHEHHYI0 KOMOMHANNI KoBeKTOpoB f;. Ilycts ¢ € V*

u ¢(€) = a;. Paccmorpum suneiinblii byHKIHOHAT 1 HA V), ONpe/Ie/IeHHbI paBeH-
— n o

CTBOM ¢ = 370 a; f;. Boraucnas snavenns dbyHKmit ¢ 1 1) Ha IPOU3BOJIBHOM BEKTODE

T =Y, x; ¢, IMeeM paBeHCTBA:

D(F) = (O @) = Dowab(@) = D (s fy(7) =

i=1 =1 =1

Orcioga caenyet, 9T0 PYHKIMOHAJBI ¢ W ¢ COBIAIAIOT. SHAUNT, (DYHKIIMOHAI ¢, TaK
JKe KaK ! ), JIOMYCKAeT PA3JIOKEHUe 10 KOBEKTOpaM f;.

JIMHelHY10 HE3aBUCUMOCTb KOBEKTOPOB f; TOKazKeM MeTOJI0M OT MpOoTHBHOTO. [1ycTh
fi JuHeitHO 3aBUCHMBI, T.e. CYIIeCTBYIOT a; € [P, He Bce paBHBIe HYJIO, TaKue, ITO
> -1 aif; = 0. locaennee osnauaer, 4To

S0 f(T) =0, YT €V, ()
j=1

Hopcrasnaa @ = e B (1), mmeem Y0, a; f;(€x) = 37, a0, = a = 0. Bamernw,
4YTO AHAJOTHYHOE PABEHCTBO MOXKHO IOJYYHTHL Aad awoboro k = 1, ..., n. Iomygaem
IPOTUBOPEYHE € HETPUBUATBHOCTBIO JnHeiHONH KoMOuHamuu (1). Q.E.D.

Basuc, mocTpoeHHBI MpH J0Ka3aTeJILCTBE TeOPEMEBI, Jajiee Oyaer 9acTo UCIOIb30-
BaThCd. [109TOMY OKA3BLIBAETCH IIOJE3HBIM

Onpegnenenne 3. [lycrs By = {e7, ..., €, } — 6asuc B npocrpancrse V. Torna 6asuc
By« = {f1, ..., [n} TaKOi, aTO fi(€}) = d;1, HAZBIBACTCA GOLUCNEEHHBLM, CONPANCEHHBLM
i dyarvHuim K 6asucy By.

Teopema 2. ITycrs C' — marpuna nepexona or 6asuca By = {e7,...,e,} K ba-
sucy Bi, = {e7’,...,e;'} B npoctpancte V. O6o3natnm By« = {f1,..., fn} u Bj,. =
{f1, ..., [1} Gasuce1, nBoiicrBennbie K By u By, coorserctienno. Toraa (C1)! aprgercs
Marpuieil nepexona or By« K By..

/
Hoxazarenncrso. [lo ycnosuio &' = X7, cjie;. Ilycrs D — marpuna nepexo/a
— !/ _ ! / ! n o
ot 6azuca By« = {f1,..., fu} ¥ bazsucy By. = {fi,..., i}, me. fi = 3., di; fi. Haitmem
3aBucnMocTh Mexkay marputamu C' n D. VI3 yeraosus gaBoiictBennoctn 6a3ncos By, u
Bj,. uMeeM paBeHCTBO:

n

5Z-k = f;(e—kﬂ) - Z dsifs<€—k>/) = Z dszfs(z Cpke—p>) =
s=1 s p=1

=1

n n n n

dsi (D e fs(G)) = D dsi(D_ cppdsp) = D dsicn. (2)
s=1 p=1 s=1 p=1 s=1
O6oszmaunm D' = ||d};|| marpmiy, Tpancrmonmposannyio k marpune D = ||dyl|.

Toraa paBencTBo (2) npHHEMAaET B



Oik = Z dsiCop = Z dfscsk = (DtC>ik-
s=1 s=1

Cnenosarensno, E = D'C u D = (C71). Q.E.D.

3ameuanmne 5. U3 teopembl 1 ciegyer, uro npocrpancrsa V u V* gpigiorcs uzo-
MOphHBIMI. AHAJTOTHIHBIM 00PA30M, HETPYIHO BHIETh, 9TO BCE BEKTOPHBIE TPOCTPAH-
cra V, V* V** V**  uzomopdubl MexIy CODOIL.

Hac 6yier najiee naTEpecoBaTh CaeAyIONHUI CHEIUATBHBIA KJIAcC H30MOP(MU3IMOB.

Onpenenenne 4. BekTopHbIe IPOCTPAHCTBA HABBIBAIOTCA KAHOHUYECKYU U3OMOPP-
HOLMU, €CTTH MEXKIY HUMHI MOYKHO YCTAaHOBUTH H30MOP(MU3M, He 3aBUCAIIHI OT BHIOODA
6a3uCcoB.

Teopema 3. IIpoctpancTBa V u V** aBisgiorcs KaHOHHIECKHT T30MOP(MHBIMU.

HoxkazareanctBo. Onpegenum orobpazkenue F : V — V** kKoTopoe BeKTOpy T
CTABUT B COOTBETCTBHE F—o € V™, Ipu MOMOIIH CJIE/IYIONIET0 PABEHCTBA:

F=(g9) = 9(7), Yge V"

Tak Kak B onpeneneHnn F' 6a3uchl BEKTOPHBIX IPOCTPAHCTB HE YIACTBYIOT, TO OTCIO-
Jla CJIeJIyeT KAaHOHMYIHOCTHL oTobpazxkenust F. Ocranoch jgokazars, uro F — nzomopdusm
BEKTOPHBIX IIPOCTPAHCTB.

Jluneitnocts F mpoBepsieTcst HemocpeacTBeHHo. JleiicTBuTesbHO, A1 J1I000T0 KO-
BekTOpa g € V* nMmeeMm paBeHCTBA:

Foz.579) = 9(aT + 67) = ag(T) + B9(V) = aFz(9) + BF5(9).

3/1ech 1epBOE PABEHCTBO 3alMCAHO HA OCHOBE OmpejeeHus orodpazkenus F, Bropoe
PaBEHCTBO CJAeAyeT U3 JUHEHHOCTH KOBEKTOpPa ¢, & TPeThbe — ONATh U3 onpejenenus F.
Yrobbl yoenuThesa B buektusnoctu F', Boioepem B V' u V* naBoiicTBennble 6a3uCh

By = {ei,e,...,e,} u Bys = {f1, fo,..., [n}. Torna u3 onpenenenna F ciemaywor
paBeHCTBa
Fe(fi) = fi(€]) = 6y;. (3)

[Ipu mokaszarenbcTBe TeopeMbl 1 OBLIO YCTAHOBJIEHO, YTO KOBEKTOPHI f;, yIOBJeE-
TBOpSIONIHE YCI0BUIO (3), 00pasyior 6a3uc B JABOiicTBeHHOM mpocTpancTBe V*. Pac-
CMaTpHBasi Telepb JBayKJbl JABOHCTBEHHOE HpoCTpancTBo V**| u3 (3) moaydaem, 410

{F6—1>, .o, P2} = Basuce V**, mpoticrsennbiii Kk By« = {f1, fa, ..., fu}. Takum oGpaszom,
n
JInHeHad 000109Ka < F6—1>, ooy Fgp >= V™, uro o3HavaeT CIOPBEKTUBHOCTH OTO-

opaxkenust F. Tenepnb u3 dopmy.ibi dim V = dim Ker F + dim Im F cneapyer, 910
dim Ker F = 0. Tem camMbiM HHBEKTHBHOCTD J0Ka3ana. Q.E.D.

3ameuganue 6. C y4eToM MOCTPOEHHOTO U30MOP(PU3Ma OOBITHO OTOXK- JECTBJISIOT
COOTBETCTBYIONIME 3JEMEHTHI TpocTpancTs V u V** nomaraa @ = F(7T') € V**. Takum
06paszoM, ecin f — KOBEKTOP, To umeer cmbica soipaxkenne T (f) u T (f) = f(7T).

ITpumep 4. Paccmorpum npuMep HEKAHOHMYECKOTO H30MOP(U3MaA MPOCTPAHCTB
V u V*. Bweibepem B npocrpancrse V 6asuc By = {e1,€3,...,e,}. llyctb By« =
{f1, f25 .-, fn} — Gazuc nBoiicrBeHHbIN K Gazucy By .

BanaguMm uzomopdusm F : V — V* paBencrsamu:

F(@) = fi i=Tn (4)

3



(Takoit n3oMopdu3M OIpeIesIeH eMHCTBEHHBIM 00pa3oM, cM. 3amedanue 3.). Toraa ns
m060ro BeKTopa T = Y.i-, ;€ uMeem paseHcrso: F(T) = Y0 . F(E) = Y, xifi,
T.e. JTIOOOMY BEKTOPY CTaBHTCS B COOTBETCTBHE KOBEKTOD € TeMH K€ KOODIMHATAMMU
OTHOCHUTEJTHHO JIBOWCTBEHHOIO Oa3uca.

[Iposepum, uro F' 3aBucHT OT BbIOOpa Oasuca By, T.e. He SIBJISIETCSI KAHOHUYIECKHUM.
Jpyrumu cjioBamu, eciin F' 3a1aTb B Jpyrom 6a3uce npu nMOMOIIY PABEHCTB, aHAJIOI N Y-
HBIX paBeHCTBaM (4), TO MONydYnM JApyroe JHHeHHOe orobpazkenne. PaccmoTpnm ere
OJHy Tapy ABoficTBeHHBIX Gasmcos B, = {e7’ e ..., } u B, = {f], fo, s [L} 1
uzomopbusm F' 1V — V* zanannsiii pasencrsamu: F'(€;') = f]. Torna ansa orobpa-
xkenusa I, tak ke kak w g F, momyunm pasencrso F'(7T) = Y, o) fl, tae x) -
KOOD/JMHATHI BEKTOPA T OTHOCUTE/IbHO Gasuca By, .

Mycrs C' = ||¢;;|| — marpuua nepexoga or By x By, T e. & = Y, ¢;€;.

Teneph paBencrBa T = ), ;€ = Yy 238 = Loy 23(X), ¢in ) =

i1 (=1 T4Cjk) €] TPHBOAAT K M3BECTHBIM (pOPMYJIaM, CBA3BIBATONINM KOOPIHHATEI
BEKTOPOB B PA3HBIX 0A3MUCAX: T; = Y _j_; T}.Cjk. 110JCTABIIAA STH COOTHOIIEHUS B BBIPA-
xkenwe g F(7T), npuxoqum k pasenctBy: F(T') = S0 xifi = S0 (Cr, xhci) fi-
B ro e Bpemsi, yunteisas coornomenus f; = 371, di; f;, naxonum

n n

F/(T)> = Zm;cfllc = ZJU;@(Z dikfi) = Z (Z xzdzk)fl
i=k i=k i=1 i=k

=1

Orciona noaydaeM, uro paseactso F(T') = F/'(T') upu 060M T BO3MOKHO TOTJA U
TOJIBKO TOTVIA, KOTJa Gy, = d;j,. OJJHaKO U3 TeopeMbl 3 cienyer pasenctso D! = C 1. Ta-
KM obpaszoM, nzomopdusmel F' u F/, Boob1e ropopd, pa3JudHbl 1 COBIAIAIOT TOJBLKO
JIUT MaTpHI, yaoBaeTBopsonmx yeaosnio O = C~1) T.e. TOJIBKO JJIs1 OPTOrOHATLHBIX
MaTpHIL.

2. Tenzopubie 0OO3HAUECHUSA

HaJtee, 9TOOBI HCIIOIB30BATH MATPUUHYIO 3AITUCH POPMYJI, OYAeT MOJe3HO nepeiTn
K HOBBIM MeH30PHbLM OOO3HATEHUSAM.

1. Obozunauenus Jitnmreitna. Ecan B HekoTopoit hopmMyJsie OJuH U TOT Ke WHIEKC
BCTPEYAETCS [Ba pasa, MPHYeM OINH Pa3 KaK BEPXHHUI W OAWH pa3 KakK HUKHHIA, TO 10
3TOMY MHJIEKCY Npejnonaraercs cyMmvmuposanue. Hanpumep, Bvecto Y7, z'y; Gyaem
nucaTh T'y;. AHAJOTHYHO, BBIDAZKEHHE Y .| Thy; 3aMEHUM Ha Tty;, U Tak pamee. [To-
9TOMYy OymIeT yao0HO 3alMCHIBATH KOOPAWHATH BEKTOPOB ¢ BEPXHUMH HHJIEKCAMH, T.€.
BMecTo T = S0 ;€ Gyuem mucars T = >, x'¢;. Torma ¢ yuerom obosnauenunii
DitamTeiina mocjaeHee paBeHCTBO IPHHAMAET BUJ, T = Z'€; .

Jlasee Bcerma, ecim He yKa3aHO JIOMOMHUTENBHO, MOIPA3YMEBAETCS CYMMUPOBAHUE
or 1 1o dim V.

2. B maTpumnax mepexoma oT ogHOro 6a3mca K JIPYroMy B IPOCTPAHCTBe V' BMECTO
JIBYX HUKHUX WHJIEKCOB OyIeM UCIOIL30BATL OJUH BePXHUHA U OIUH HUKHWA, TpHIeM
BEPXHUI UHJIEKC COOTBETCTBYET HOMEPY CTPOKH, a HUKHUI — HOMEpPY CTOJOIA.

n

—=/ __ xn — —! __ j —>
Taknm 0bpasom, paBeHCTBA €] = > 1) ¢j; € Oy/IeM 3aInChIBaTh KaK € = > 7 4 cle;.

[locnennue paBeHCTBA, YIYUTHIBas 00O3HAUYCHHS JUHINTEHHA, MPUHAMAIOT BU/I:

@' = de. (5)



3. Ilycrsb B npocrpancTse V BoiGpan vekoropsiii 6asuc By = {¢€7, ..., &, }. KoBekro-
pbI JIBOHCTBEHHOrO Oa3uca B mpocTpancTBe V* OyjeM HyMepoBaTh MPH ITOMOIIN BEPX-
HUX HHJEKCOB, a HMeHHo, nojoxum By- = {f, f2 ..., f*}. Torga mo omnpejeneHuo
ABoiicTBenHoro G6asmca momyduM pasencrsa: f7(€;) = 0%, rae 8% — mo-nmpexuemMy e/u-
HUYIHAS MAaTPHUIA, T.€.

5 — 1 mpui=y
J 0 mpui#j
/ / /
Buibepem eme oauu Gasuc B{, = {é]',...,&, } B upocrpancrse V u monoxum €; =
cle;. Myers Bi. = {f",..., "} — npoiicreerusii 6aszuc k 6asucy B{,. Ncnonssys

obosHavenua JitnimTeiina, pasnokenue f" mo kopekropaM { f'} sanumeM B ciemyiomeM
BUJIE
" =qf. (6)
BaxkHo ormMeruTh, 4To Teneph Marpuia ) = Hq;|| HE SBJISIeTCs] MAaTPUIEl epexojia
or By« k Bj,.. B camom sienie, s marpuibl () KOOpAWHATaMU BEKTOPOB f* OTHOCH-
TeJIbHO “cTaporo” 6asuca By« aBJSIOTCS CTPOKH, a He CTOJIOIbI, KaK 3TO JOJZKHO OBITDH
JUTd MaTPHIIB Mepexofa. Takum obpaszom, MaTpuna () dBjageTcsd TPAaHCIOHHPOBAHHON
10 OTHOIIEHUIO K MAaTpHIE mepexoia s 6azucos By« u By. . [losromy u3 Teopems
2 caejyeT paBeHCTBO

Q=C"" (7)
4. Jlna xoapdunmentos matpump nepexoga C' or By k By, Gyiem HCTOMb30BaTh

obozHauenue ¢, BMecTo c). Takyke GygeM CTaBUThH IITPUX HAJ WHIEKCAMH BEKTODOB
”rosoro” Gasuca. Torma pasencrsa (5) MPUHAMAIOT BHUI:

& = 7. (8)

J1ns ko3 unmuenToB MAaTPUIB () 1 A1 KOBEKTOPOB ~HOBOro” Ha3uca MITpHUX OYIeM
CTABUTH HaJ BepXHUM HHAeKcoM. [Tosromy paBeHcTBa (6) MOXKHO HepenucaTh B BHJIE:

fr=qr. (9)

Jlastee, 9T0OBI BOCTTOIB30BATHCST 0O0O3HAYEHUSIMHI DHHIITEHA, Oy €M CTaBUTh MITPUX
TaK:Ke HaJl HHIEKCAMHU ~HOBBIX  KOOPJIMHAT BEKTOPOB U KOBEKTOPOB. Torma pasJioxke-
HUEe BEKTOPA 3aIUIIeTCS CJIeIYIONIM 00pa3oM:

T =28 =2'e. (10)

Koopaunarbl KOBeKTOPOB Oy/1eM HyMepOBaTh IPU MOMOIIM HUZKHUX UHJIEKCOB. [ToaTo-
My aHAJIOTHYHBIE PABEHCTBA /I KOBEKTOpA [ MMET BU/I:

f:yifi:yi’fil~ (11)

. -/
5. Hdanee Bmecto K03 dumueHToB q; OyJIeM 3alMChIBATD ;. Torpa, xKak caenyer

!
u3 pageHcTBa (7), MTPUX Hajl BEPXHEM HHICKCOM B Matpuie || || ncrnonbsyerca ans

. -/ _
obo3HaYeHus MaTpuipl, obpatHoit k Marpuue C, Te. [|cj|| = C 1 B 10 ke Bpewms,
IITPUX HaJl HUZKHUM HHJEKCOM B MaTpuie ||} || cry»kut, no-mpexuemy, as 06o3Ha-
deHus caMoif MaTpHIBI lepexoza, T.e. |[c%|| = C.
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BasKHO OTMETHTB, YTO Ternephb MPU TPAHCIIOHNPOBAHIH MATPHIL Hcé’H u ||c|], BooG-
1Ie roBOpsi (3a MCKJIIOYEHHEM CJIydasi OPTOroHaAbHOM MaTpuipbl C), HeIb3s MOMEHITh
MeCTaMU BePXHUN U HUKHUHE HHAEKCH MaTpuisl C'

6. B Ten3opHoit anrebpe UHAEKC, IO KOTOPOMY MPEANOIaraeTcss CyMMHAPOBaHUe, Ha-
3bIBAETCH HEMbLM U JIOTYCKAET 3aMeHY JIPYTUM HHIEKCOM, MOCKOJIBKY MPH TAKOH 3aMeHe
Pe3yIbTAT CYyMMUPOBAHWUS OCTAHETCS MpekHUM. OTMETHM, 9TO B COOTBETCTBHH C Ha-
IIIMH 0003HAYEHUSIME, BOOOIIEe TOBOPSI, HEJIb3sl 3aMEHSTh IITPUXOBAHHbIE HHIEKCH Ha
HHIEKCH 6e3 MITPUXOB U HA0DOPOT.

OKOHYATETbHO, ¢ YIETOM HOBBIX 000o3HaueHuit, (bopMyasl mepexoga or By k By, u
ot By« K Bj,. IDHHAMAIOT BH/I;

& =ce, fr=cdp, (12)
rue ) )
CZ/C;C - (Si, CZC‘];/ - 5;/ (13)

BeisicHuM Tenepb, Kakoii Buj uMetoT (hopMyJasl (?77) ¢ yaeToM HOBBIX 0003HAYEHHUI.
1 10) u (12 i =a'ce. O
3 pasercTs (10) u (12) crenyer, uro '€ = 2 ¢}, €;. OTCIOAa TIPUXOIUM K PABEH-
CTBY:

’

ca’ =1l (14)

/ y -/
YMHuoxKast 06e qacTu paseHcrsa (14) Ha Marpuiy, obparayto K C, oIy IuM c;? chat =

cg?'wj. Tenepb, yuntbiBast Gopmysibl (13), JeByI0 9acTh HOCTETHETO PABEHCTBA EePeIi-
K g .0 K i K’
IeM B BHJE C; chat =60, " =", Orciona nonydaem:
¥ = ;"/xj. (15)

AHaormdHbIE PACCYXKIACHUS s KOOPAMHAT ¥; KOBEKTOPOB NMPHUBOAAT K paBeH-
CTBaAM:

i = Un, Yir = i (16)

3. Teuzopsl. KoopauHaThl TeH30pa

O06obI1eHne TOHATHS THHEHHOrO 0TOOparkeHnsT BEKTOPHBIX MPOCTPAHCTB TPUBOINT
K CJIeJIYIONIEMY KJIACCy OTOOParKeHuid.

Onpegenenne 5. [Iycts Vi, Vs, ..., Vi, W — BekTOpHBIE TpOCTPAHCTBA HAJ oIeM P.
Orobpaxkenne f : V) x Vo x ... x Vi, — W Ha3BIBaeTCI NOAUAUHETHbM WA k-AUHETHBLM
oTobparkeHueM, eCjid OHO JIMHEHHO 110 KazK/IOMy apryMeHTy Nnpu (PUKCHPOBAHHBIX 3HA~
YEHUAX OCTAJbHBIX apIyMEHTOB, T.e. JIJId KarkKJIOoro MHAEKca j = 1,n U Jjsd Joboro
dbukcupoBannoro Habopa BeKTOpOB v; € Vi, @ = 1,n, i # j BLIIOIHEHO YCIOBHE:

f(ur,va, . a0 4 BoY, o vn) = af (01,09, V) s vn) B (01,02, 0,05 ),

Vi, vi € VyuVa, B € P.

Ecan n = 2, To noauanneiinoe orobpazKenne Ha3bIBACTCS TAKKe OUAUHETIHBIM.

Ecniu W = P, To nonununeiinoe orobpakeHue Ha3bIBACTCS NOAUAUHEHOT DYHK-
nuei Wi noAusuHetiHot hopMoii.

3ameuanue 7. MHOXKeECTBO BCeX MOMUINHEHHBIX oToOpaxKkKenuit u3 Vi x Vo X ... X
Vi — W obpasyer BeKTOpHOE HMPOCTPAHCTBO OTHOCUTE/HBHO OOBIYHBIX ONEpaIuii Cjao-
JKeHus 0TOOparKeHuit m yMHOXKeHUd Ha o € P.



IMpumep 5. [ycts V) = Vo = ... =V, =V, W = P. O6o3naunm (a;1, @z, ..., Gin)
KOODJIMHATHI BEKTOPA @; OTHOCUTEILHO HEKOTOPOro (PMKCHPOBAHHOTO Oasuca By B Ipo-
crparcTe V. PaccMorpuMm orobpazkeHue

det : VXV x..xV — P:(aj,az,..,a,) — det||a;]|.

Torna u3 cBOWCTB ONpenenTeNs CIeAyeT, 9To oTobpaskeHne det ompeensieT MOJININ-
HeiiHYI0 (DYHKITHIO.

Omnpenenenne 6. Ilycrs V' — BekrophHoe mnpocrpancrBo u V* — jaBoiicTBEHHOE K
HEMY BEKTOPHOE MPOCTPAHCTBO. Tenaopom t muna (p, q) Ha 6eKMOPHOM NPOCMPAHCMEE
V maseiBaeTcs nosmsimHeRHAS (DYHKINA

t:VXVXx. . xVxV*xV*x...xV"=P

p q

MHoKecTBO Beex TeH30poB Tuma (p, q) Oymaem 0603HaUATH Tg(V). [Tapy HeoTpumaTe/ib-
HBIX 9ucel (P, () HABBIBAIOT 8AAEHMHOCTIbIO MEH30PA.

Jlng ypobersa 0603HAYEHUH TPOCTPAHCTBO Ty TaCTO OTOXKIAECTBILIOT ¢ moseM P.

IIpumep 6. Dnementamu npocrpanctsa TP (V) apagiorcea muneiitnble byHKIAA Ha
V. Tlosromy npocrpauncrso TP (V) cosnagaer ¢ V*.

Ipumep 7. Paccvmorpum npocrpancteo T, (V). Ero saementamu sBasiorcs juneii-
upie bynxuun ¢ : V* — P, re. Ty (V) = V**. C yueroMm KaHOHHYECKOTO H30MOpdU3Ma
V** =2V momyqaem, aro T, (V) = V.

ITpumep 8. Ilycth [ aumeitnblit omeparop B mpoctpancTe V. OmnpemeauM oTo-
opaxenue t; 1 V x V* — P cuegytomnm pasencrsoM t¢(T,y) = y(f(@)). Torua
13 JUHeHHOCTH Y U f cjaexyer, 9To ty ABASETCA TEH30POM THIIA (1,1) ma BeKTOpHOM
npocTpanctse V.

Bosee Toro, mokazeM, 94To KaxKablit TeH30p Tuna (1, 1) MOXKHO MOy IUTh TO00HBIM
obpasom. Jeiicreurensro, mycts ¢ € THV), re. t : V x V* — P — Gununeiinas Gynk-
nus. Torna g jao6oro pukcuposannoro T € V orobpazkenue t, : V* — P, oupeje-
neHnoe ycaosueM t,(y) = t(7,y) saBsiercst TuHEHHBIM, 1 C1eJ0BaTeNbHO, t, € V**. C
y4eTOM KaHOHUYECKOro m3omopdusma mnpocrpancts V u V** oroxkjaecTBuM t, ¢ Bek-
TOPOM @), pu 9TOM MMeeM paseHcTBO t(2)(y) = t(T,y). Oupenenum orobpazkeHne
f:V — V crenyromunm pasenctBoMm f(T) = z@) Teneps nuHERHOCTH OTOGPAZKE-
Hus [ ciaejayer u3 JIMHEHHOCTH KAHOHUIEeCKOro u3omMopdusma n orobpazkenus t. Takum
00pa3oM, NPUXOANM K paBeHcTBaM (T ,y) = @)(y) = f(7T)(y) = y(f(T)).

OTtMeruM, 4TO yKa3aHHad OMEKIUSA MEXK/IY BEKTOPHBIM IIPOCTPAHCTBOM JIMHEIHBIX
OIepaTopoB Ha V' M BEKTOPHBIM MPOCTPAHCTBOM Ter30pos T (V) apnserca auHeHHbIM
oTOOparkKeHueM U TeM CaMbIM JIaHHas OueKIus — m3oMopdu3M. [Ipu 3ToM, TOCKOIBKY B
orpejie/ieHNN OneKIuu 0A3UCHl He yIACTBYIOT, TO IAHHOE COOTBETCTBUE — KAHOHUIECKHIT
U30MOPOU3M.

Omnpenesenne 7. [lycTh Ha BEKTOPHOM NpocTpancTse V' 3a1an Tensop t € 17 (V).
BriGepem B mpocrpancTe V' HekoTophiil 6asuc By = {€7,...,€,} u ABOiCTBEHHBII K

nemy Gasuc By« = {f', ..., f"}. Habop nP*? wmcen t;,;>"7*, onpesesennnrit pasercTsamm

=@, .. e, [ )
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HA3BIBACTCS KOOPIUHAMAMU WX KOMNOHEHMAMU Mmen3opa t omuocumesvro basuca By .
31eck Bce HHIEKCHI i1, 12, ..., Ip, J1, J2, ---, Jq IPHHAMAIOT 3HAYeHUT OT 1 J0 n.
Teopema 4. 3uauenue Tensopa t € T7(V) na nHabope apryMenToB

(‘I.—1>7 "'7@7y17 yq>

OTIPEJIENIAETCS KOOPMHATAME TEH30Pa ¢ OTHOCHTEIHLHO basuca By, a TakyKe KOOpJAuHa-
TAMH BCEX BEKTOPOB T; OTHOCHTEIBHO 0asuca By M KOOpAMHATAME BCEX KOBEKTODPOB
Yy’ OTHOCHTEJbHO ABOHCTBEHHOIO Oasuca By «.

Hoxkazarenbcrso. [Iycts By = {€7,...,&,} u By~ = {f!, ..., f"}. O6oznaunm x}*

— I s s —1

KOOp/uHATHL BekTopa Ty, (k = 1,p) n y; koopamnath KopekTopa y° (s = 1,¢) oTHOCH-
TebHO 0a3ucoB By u By« coorBercrBenno. 13 momuwanneitnoctn Tenzopa t moaydum
paBeHCTBa:

read a4 1 q\ __ i1 > 12 > ip = 1 ri1 2 rjo q rj _
t(xlv o Tpy Yo, Y ) - t(xl €iy1s T Cigs "'7xppeip7yj1f Jijf 7"‘7yjqf q) -

— plhigta dp, 1,2 1¢(z7 &7 > fi1 2 Ja) —
= 1725 Y Y, Y @ iy s €y [ f o f) =

q ]1]2](1

_ di1de ip, 12 1 4319
=TTy T Y Yy ]qtlmn_lp .

Q.E.D.
Teopema 5. [lycrn ¢

jle---jq

q
i1ia..1n KOODIHHATH Tensopa t € T}(V') ornocuTemmno Gasnca

/

]/]/] .
By u t;;77 ero KoopAuHATBI OTHOCHTEIbHO Oasuca By,. Ecmu C = ||c}|| aBiserca
1°2°"p

MaTpuIeil mepexona B BEKTOPHOM mpocTpancTtse V ot 6aszmca By k 6asucy B{,, TO
CIIpaBe JINBbI PABEHCTBA!

., = CiCi...C;; C; C

Nawda _ iz e dy Jaydizeda (17)
z’lz’sz i ik 1,1 g2 Vg i dp

HokazaresibcTBO. 13 onpeiesienns KoopuHaT TeH30pa 0y/ieM HMeTh

g . . . -/
Id2dq 4 =—> — g 3N i1 = p=— J1 rj1 Ja £iq\
i, = t(&i, ..., e, [, ... f17) —t(ci,leil,...,c%eip,cjlf G 1) =

. . . -/ -/ -/ . . . -/ -/ -/ PR .
_ i1 02 p J1 J2 Jay (= — rj1 Jg\ 4142 ip J1 Jo Jq,d172---Jq

B Ciiciémciﬁacjlcjé"'qut(ezl’ w0y Gy f ) f ) - Cillcié"'c%cjlcjz"'qu 11%92...0p
Q.E.D.

MedaHne 8. T MBI 5 1T T, 9TO JIJIST OTI JIEHHST K MHAT TE€H
3ameuanmne 8. 13 Teope 5 cleayeT, 9To ompesene 00 aT TeH30pa
OTHOCHTEJIHHO TIPOU3BOJIHLHOTO Da31Ca JOCTATOYHO 3HATH €r0 KOOPIHMHATH OTHOCHTE b~
HO OJHOI'0 KaKoro-ambo basmca.

3ameuanue 9. B Teopeme 5 u jrasee i KOOpJAuHAT TeH30pa B “HOBOM™ Gasuce
7133+
il

-1
Bj, ucnonb3yiorcs obo3nadenns ¢ AHAJIOTMYHO 0003HAYEHUSAM KOOPAUHAT L' U Y/

AJId BEKTOPOB U KOBEKTOPOB.
Oxa3pIBaeTCe, 9TO CIPABCIMBO U 0OpaTHOE K TeopeMe b yTBepzKJIeHne, a HMEeHHO:
Teopema 6. [IycTs kazx oMy 6asucy By B n-MepHOM BeKTOPHOM IIpocTpaHcTBe V'
comocTasen nabop nP 7 wmcern )72, mpuTeM JanHbe HAGOPEI CBA3ANBI PABCHCTBAMIL
(17), ecim ¢!, — marpuma mepexoma or 6asuca By x Gasucy Bi,. Torma cymecrsyer
eIMHCTBEHHBII TeH30p ¢ Tuna (p,q) HA BEKTOPHOM MPOCTPAHCTBE V., s KOTOPOrO
WIVERRE

ivin..iy ABISIOTCSH KOODJMHATAME OTHOCHTE/IBLHO By .



Jijz.. Jq

Hokazareabcrso. [Iycrs Gasucy By conocrapien Habop b ;,

. Onpeaenrum oTo-

opaxenune t 1V XV X .. xVxV*xV*x..xV*"— P upu HOMOHLI/I paBeHCcTBa:
P q
T b ) = iz iyl 2 g0 9192
t(I17 ot xp? y ) y ) - xl $2 'rppyjlyjz y]q 11%2.. lp ? (18)

re :1:2" KOOD/IMHATHI BEKTOPa Tj, U yfk KOOPJMHATBI KOBeKTOpa y* oTHOCHTE/1bHO 6a31COB
By n By« cOOTBETCTBEHHO.

JlokazkeM KOpPEKTHOCTH OTIpeiesieHnst 0Tobparkenus ¢ mpu momornn dopmy.isr (18),
T.€. He3aBHCUMOCTH 0TOOpazKeHus t oT BeIOOpa Oasuca.

HyCTb B(/ - HeKOTopblﬁ Jpyroit 6a3uc B mpocTpaHcTBe V U eMy comocTaBieH Habop

J1 J Jq
> Z,q, npuieM ¢, — MaTpuna nepexoja or By k B

PaCCMOTpHM dyHKIMO ', ONpeseseHHYI0 PaBEHCTBOM

qucen t

L .
/(= — 1 q\ __ iy o1 2 3132 Jq
t(Z, . T,y Yl = oty YirYis - yj it

,L'/
rjie T U Yj — KOODJAMHATHI BEKTOPA T} M KOBEKTOPA y° OTHOCUTE/IbHO 0a3ucoB By, u
S
!
V*-

[okaxem, aro t'(T7, ..., Ty, y', ..y?) = t(T1, ..., Ty, y', ...y?) NpH Beex 3HAYEHUAX AD-
rymeHToB. /List sToro mepenutiem dbopmyabt (15) u (16), 1o KoTopsIM TpeoGpasyoTest
KOODJMHATE BEKTOPOB U KOBEKTOPOB IPH 3aMeHe 0a3uca, B CICAYIOIMeM BUIe:

r! r!
Tk Tk S __ Sk,
T =R, s = YL,

Teneps TpUXOaANM K CJIEIYIONIAM PABEHCTBAM:

~

! ! !
1= — 1 gy _ T Tp, 1 .2 q 415152-5¢ __
t(Z, o Ty YY) = 2ty Ys Y- Ysr tor s 0 =
q 1'2 p
818584

T pr81 Sa,q Sq
= ¢l o ey ySI...c&y Lor 0 =

/ .. .
. T1T2 ol o2 q p s1 Sq i1 ip S Sh SqpJ1J2---Jdq __
=TTy ..., y51y52...ysq ryeeCrpCyr - Cor € /c ,...c r1 Cj1 Ca - Ciotisiy iy =

= "2 T q Si1 Si2 ip $51 §52 SqJ172-- Jq ip 1,2 q 1j1j2---Jq
_1.1 1'2 ySlySQ y 5r15r2 (srpé]l(sjz"é tuzz —%1 1'2 pyjlij ythzm Ap *

Orcroga BugHO, uTO 3Ha4YeHus PyHKIWE ¢ u t' coBnajaloT npu JIOLIX 3HAYCHUIX ap-
ryMenToB. TeM caMBIM KOPPeKTHOCTD ONpe/ie/eHns 0TOOPasKeHnd ¢ JOKa3aHa.

[TonummneiinocTs oTOOpasKeHus t cileyeT HelocpeJCTBEHHO U3 papeHcTba (18).
Q.E.D.

TeopeMbl 5 1 6 1OKA3BIBAIOT, YTO TEH30D €JAMHCTBEHHBIM 00DPA30M OIpeIeseTcs
ero KoopJuHaTaMu. TakuM 00pa3oM, TeH30pbl THTA (P, ¢) B BEKTOPHOM TIPOCTPAHCTBE
V' pasMepHOCTH 1 HAXOJATCS BO B3aMMHO-OJHO3HAYHOM COOTBETCTBHH ¢ MX KOODJIH-
HataMmiu, T.e. ¢ Habopamu nP+? wpcer tfllfj ]q, KOTOpBIe IIPH M3MEHEeHUH 0a3mca mpe-
obpasytores o dhopmyaam (17). Takoe B3auMHO-0JHO3HAYHOE COOTBETCTBUE O3BOJISAECT
yKa3aTh JPYroii MoAX0/ K MOHATHIO TEH30Pa, KOTOPHIH TaKKe YacTO BCTpevaeTcs B JId-

teparype. [Ipu TakoM 1ojxo/1e TEH30P ONpeAeNAeTCs CASAYIONUM 00Pa30M.



Onpegnenenne 8. [lycrs kaxjaomy basucy By B n-MepHOM 1pocTpancrse Vo como-
crasien maGop nP 7 wmcen t);2 7Y, yroBeTBOpsONTHi CTe/IyIOMEeMY YCIOBHIO: HAGODHI

J1J2---Jq J1J2 Ja _
tivia iy W Lyl o A 6asucos By u Bj, casanbl paBenctsamu (17), ecau ¢l

MaTpPHUIA Hepexozna oT 6a3ﬂca By x 6azucy Bj,. Torjga roBopsr, 9T0 Ha BEKTOPHOM PO-
crparctee V' 3aman mensop t muna (p,q). Tersop ¢ Tuna (p, q) TakzKe HA3BIBAIOT P-Pa3
KOBAPUAHMHM A (-PA3 KOHMPAEAPUGHIMHBLM TEH30POM, IIPH 3TOM HUKHUE HHIEKCHI
HA3BIBAIOTCS KOGAPUAHMHbLMU, 8 BEPXHUE - KOHMPAEAPULHIMHBLMUL.

IMpumep 9. Paccmorpum ¢ TouKEu 3penus onpejesenus 8 Tensopbl tuna 17 (V).
[TycTs kaxkmomy 6a3ucy B n-MEPHOM BEKTOPHOM mpocTpancTBe V' comoctasien HaGOP
N IHCeJT Y;, TPUIeM JIJIst Pa3HbIX 0a3ucoB By u Bj, COOTBETCTBYIONIHE HAOOPDI CBI3AHBI
paBeHCTBaMU

quceJa

Yir = CrYi,
rje ¢, — MaTpuia nepexojga ot 6asuca By K Gazucy Bi,. Tem caMbIM, B COOTBETCTBHH
C ompesie/IeHHeM 8 Ha BEKTOPHOM mpocTpancTse V 3aman tensop Tuma 10(V).

Y100bl yCTAHOBUTD CBA3b MEZKJLY JIByMs ONPEIETCHUSIMI TEH30pa, TaK Ke KaK MPH
JIOKa3aTeIbCTBE TeOPeMbl 6 OnpeIe MM COOTBETCTBYIOILYIO 3TOMY TEH30PY MOIUIMHE-
nyio dbyukmuio ¢ : V. — P, nonarag t(7) = y;2', rae ' — KOOPJAMHATHI BEKTOpa T
OTHOCHTEJILHO 0a3uca By .

4. Ten3zopHoe mpou3BeaeHNE TEH30POB.

Omnpenenenne 9. Tensoprvim npoussedenuem mensopos t € TH(V) u s € TE2(V)

TQl +q2

T2(V), onpeeseHHbIH yeIoBHEM

Ha3bIBAETCA TEH30D { @ S €

ag - 1 Qg2
@ S(TTy s Topytpas Y s Y )=

— (77 - 1 a1\ o= Q1+1 q+q2
=T, ey Tpps U s o Y™)S(T pyi1y ooy Toprpas ¥ Y )

upu Beex T; € V, ¢ € V*.

Bameuanue 10. I3 onpejenenns 7 U CBOHCTB IO HENOCPEJCTBEHHO CICAYIOT
CBOMCTBA aCCONMMATUBHOCTH U JUCTPUOYTUBHOCTH TEH30PHOIO ITPOU3BEICHUS TEH30POB.

Onpe,ueﬂeHne 10. Temsop t € TI(V), aas koToporo cymeCTByeT Ha60p u3 p
BEKTOPOB T, U ¢ KOBEKTOPOB ¥/ Takux, 4T0 t = 1 942 ® ... @ v/ @ T;, T, QT;, R...QT; T,
HA3LIBACTCS PA3A0NCUMbLM.

Teopema 7. ITycts By = {e7,...,e,} u By~ = {f', ..., f"} ABoiicTBenHBIC GA3UCHL.
Torpa 6asuc B HpOCTpaHCTBe K (V) 06pa3yioT TEeH30PHBIE IPOU3BEICHN BHIa f'l &
2. .Qf®e Qe ® .. ® €0y THE U1, oy s J1, oy Jg = 1,10

HoxkazaTenbcTso. Chauata mposepum, uto moboit Tensop ¢t € TH(V) moxuo
IPEeJCTABUTD B BUJE JHHeHHOH KOMOUHAIME Pa3/IOKUMBIX TeH30pOB BHIa [ @ 2 ®

® fr®e; ®ej, ®...@&, . HeiicrBurensro, mycts t € TH(V) u ¢z ]q ~ KOOD/MHATEI

2112..
t oraocuTeibHO Oazuca By . CoctaBum JnHefiHyI0 KOMOUHAIIIO

Y= t]1]2 Jq i1 ® fiz R ... ®fip ®€—j1> ®e¥ X ... ®€7§. (19)

i112..

Boranciisas 3Hadenns TeH30pos ¢ 1 ¢ HA IPOU3BOIBHBIX HAOOPAX APryMEHTOB, HMe-
YN -ed rad 1 ]1]2 Jq 21 19 7 ad 1 _
em: t'(T1, ..., Tp, yy y?) =t R RfrRe; QLS. ®ejq(a‘:1,...,xp,y ,yl) =

Pt i (3 1)fi2(x_£)---f""(ﬂfp)€j1(y Ve (2). &5 (y7) =t aivyl g2 Lyl =
= t(:cl7 ooy Ty Yy y?). Tem caMbIM MOKA3aHO, 9TO T = #!
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HpOBepI/IM JII/IHeﬁHyIO HE3aBUCUMOCTDb YKa3aHHbIX TCH30PHbIX HpOH3BeIL€HHfI Pac-
nyqpaﬂ MeToAOM OT IIPOTHUBHOI'O, IPEAIOJOKHM 4YTO CYHIECTBYIOT KOSCbeI/IHI/IGHTBI
Jij2.. Jq

;5> 5%, HE BCE DABHbBIE HYJIIO, TAKHE YTO

a = aJl]? ]q 1 f’LZ R..Q fZP X 6]1 X 6]2 ®..® ejq =0. (20)

2122..

[Tocnennee paBeHCTBO O3HAYaeT, YTO (byHKIMS a obpallaercs B HYJb s JIIOOO-
ro Habopa aprymMeHTOB. Bbluncisgs 3HadeHne (byHKIUU a s HAOOpa apryMeHTOB

(e—/ﬁ)ﬂ "'7e—kp>7frla 'nafrq), IIOJIy4aeM:
0=a(er,...ex,, [ ...fr7) =

= a2 ) 2 (e ) f”’(ekp)en(f”)%(f”) e, (f1) =
= afllfj “5 (51” 05072070 = azllglqp
Takum obpaszoM, nmHeiinas K0M6HHauHH (20) sBasercs Tpusnanbuoii. Q.E.D.

Caencreue 1. dimT?(V) = (dimV )P™.

JloKazaTe/IbCTBO MOIYyYaeTCs HOACYeTOM YUCIa 6A3UCHBIX BEKTOPOB [ ® f? ®...®
freeg e .08,

Sameuanue 11. Pasencrso (19) mokaspiBaer, 910 KOI(DMDUIMEHTHI PA3I0KEHUS
tensopa t € TJ(V') no basucy fA®f®.0f*"Re Qe Q...® &, COBIALAIOT C
KOMIOHCHTAMHE tfllfj ]; TeH30pa ¢ OTHOCHTENLHO (azuca By, T.e. KOMIOHEHTBI TEH30DA
SBJIAIOTCS €10 KOOPIMHATAME OTHOCHTENIBHO Gasuca [ ® [?®...frRe; ®e, R...Q6¢;, .

3amaun.

3amaua 1. /lokazarb, 4TO MHOXKECTBO JUHEHHBIX (DYHKIMOHAJIOB Ha V' €O 3HAYCHU-
aMu B P gBJIgeTcs NOANPOCTPAHCTBOM B IIPOCTPAHCTBE BeeX (PYHKIMIA Ha BEKTOPHOM
npocTpancTBe V' co 3HadeHuAMHU B P.

Sagaua 2. JlokazaTb, 4TO ecyn JuHedHble QYHKIMH Ha BEKTOPHOM IIPOCTPAHCTBE
MMEIOT OJIMHAKOBBIE S/IPA, TO OHU OTJIMIAIOTCH MHOKUTEIEM.

3amaua 3. dABadiorca Jiu KOBEKTOpaMU Cjeayolne (DyHKIUU Ha BEKTOPHOM HpO-
crparctee V = R® . 1) FY(7T) = 22! — 2? + 323 + 5, 2) F¥(7) = 32! + (2?)?
23, 3) F3(7) = o' +42? —23. Jlng KOBeKTOPOB HallTH UX Pa3/I0zKeHHe [0 Ga3uCy, 1BOM-
CTBEHHOMY K KaHOHIUecKoMy Gaszucy By = {€] = (1,0,0),e = (0,1,0),e3 = (0,0,1)}.

Bamaua 4. [Iycrs By = {é1,€} n B{, = {ér,éy} — 6asucpl B npocrpancrse V.
Haiitn maTpuiy mepexoma jjisg ABOHCTBEHHBIX 0a3MCOB, €CIM €1 = €] + 2€5, €y =
—ef + €.

Bagaua 5. Ilycts By = {e],e3} u By~ = {f', f?} — npoiicTBenHble 6Ga3uCHL.
[Togmpocrpancrso V) C V 3amano ypasuenuem: f1 — f2 =0, re. V) = {7 € V|(f! —
f?)(T) = 0}. Haiitn ypaBHeHHS 3TOTO MOANPOCTPAHCTBA B GA3UCE, TBOHCTBEHHOM K
basucy B, = {e7, e + 2¢3}.

Bamaua 6. [lycrs V = {f(z) € R[z||degf(z) < 2}. Onpeneanm g € V* pasen-
crsoM g(f(z)) = Jy f(x)dz. Bebpas kakoii-mu6o 6asuc By B mpocrpamcrse V, naiirn
pasJIozKeHne KOBEKTOpa ¢ 1o Ga3ucy, JABOWCTBEHHOMY K By .

Bapaga 7. [lycte V = {g(x) € R|x]|deg g(x) < n}.

1) Orobpaxenne a' : V. — R omnpeneneno dopmynoit: a'(g) = g(t), tne t € R.
Jlokazarb, uyTo oTobpazkenud a',t = 1,n + 1 obpasytor 6azuc B V*.
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2) Otobpazxenne b’ : V — R ompeneneno dopmyamoit: bi(g) = ¢@(0), tme i € N
u ¢ (0) — i -aa mpomssoanasg dbynkmun g(r) B Touke 0. JJoKa3aTh, YTO OTOGpPaAZKEHUA
bt i = 0,n obpasyior 6aszuc B V*.

3) Haiitu 6asucet B V' jnBoiicTBeHHBIe K 0a3mcaM, YKa3aHHBIM B IIyHKTax 1 u 2
JTAaHHOH 3aJa4H.

Bagaua 8. /lokazaThb, YTO BEKTOPHI €1, €3, ..., €4 B IPOCTPAHCTBe V JIMHEHO Hesa-
BHCHMBI TOTJIA U TOIBLKO TOTJA, KOTa CYIIeCTBYIOT KoBeKTopw! f1, f2, ..., f* Takue, uro
det|| f7 (|| # 0.

Bamaga 9. [Tycrs tr dyukmus ciaena va npocrpancrse V = M, (R) Bcex KBaapar-
HBIX MaTPHUIL opstaka n Haj nogem R, r.e. tr: X — trX, X € V. noka3ars, 910 J100as
maueitnas dbynkuua na Vo ameer sug: f(X) = tr(AX) niug mwekoropoii Marpuipt A.

3anaua 10. IIycts f,g eV 'u fQ g =g Q f. Jokazars, uto f = \g Aj1d HEKOTO-
poro A € P.

Bamaua 11. [Tycre By = {e7,€3,...,e,} u By« = {f1, f2, ..., fu} — ABOlicTBeHHBIE
6asucel. Onpenennm orobpaxkenue F : V — V* pagencrBamu: F(€]) = f;, i = 1,n.
Jlokazarb, 4To F' sBJIsIeTCs] HEKAHOHUIECKUM T30MOPMOH3MOM.

3amadga 11. Pemenne. Taxoit uzoMopdusm onpejgeaeH e IMHCTBEHHBIM 00pa30M, CM.
sameqanue 3. Torga aug m06oro Bekropa T = Y1, x;€; umeeMm pasencrso: F(T) =
S F(E) = Y0, xifi, T.e. m0b0My BEKTOPY CTABUTCS B COOTBETCTBHE KOBEKTOD C
TEMU JKe KOOPAMHATAMYU OTHOCHTEILHO JBOMCTBEHHOrO Gasuca.

3amaua 11. [Iycts F' — nuHeinbI#t onepaTop B npocrpanctse V. OupejaeauM ome-
parop F* : V* — V* . g — F*(g) cienyromum pasencrsom: F*(g)(T) = g(F(T)).
Ilycts A = ||a;;|| — Marpuna oneparopa F' oraHocurensho 6aszuca By . Haiitu maTpumy
oneparopa F* B basmuce, aBoiicTBeHHOM K By, .

Banaua 12. [Tycrs F — nmreiinoe orobparkenune npocrpanctsa V' B W. Onpenennm
orobpaxenune F* : W* — V* dopmyaoii F*(9)(T) = g(F(7T)),Y& €V, Vg € W*.

1 2 -1 ..
Buas, yro A = | 0 1 | MaTpmma mmHedroro orobpazkeausa I OTHOCHTEILHO
6asucos By u By, HaiiTu: a) o6pa3 koektopa f = (1,—1); b) marpuiyy orobpazkeHusl
10 0 .
F* orrocurenbno 6asucoB By u By, ecmn C; = |1 -1 0|, Cy = ‘ 10 ‘ -
0 0 2

MAaTpPHUIBI IIepexoa K “HOBBIM Ga3uca.

Banaua 13. [Tycrs By = {€7, €, €3 } — 6asuc B upocrpancrse V u By = {f!, 2 f3}
- ABOliCTBeHHBI K Hemy Oasuc. 3Has, 9T0 T = €] — € + 363, Y = —€] + €3, p =
L= 2433 qg=f'+2f% naittu: 1) pRq¢(7T,7); 2) TR T (p, q).

Bamaga 14. Haiitu komnonenTst Tersopa t = (€ — €3 ) @(€] + €3 ) OTHOCHTENLHO

Gasuca By = {€7, € }.

Bamaua 15. I[lycts a = (1,2,3), b = (—2,1,0) orHOCHTEIBHO Gasuca By . 3uas,
aro f,g € V*u f = (5,0,1), g = (1,1, —2) orHocuTeIHHO ABOMCTBEHHOrO Ha3nca K
By, maiitn: a) a@®0b, b)a® f, )a@ f+bQ g, d)a@b—bQa.

Sagaua 16. I[lycte V' — TpexmepHOe €BKJIMI0BO NPOCTPaHCTBO. JloKaszarb, 4To
orobpaxenne t : V x VX V* — R : (7, ¥,a) — a([T,Y]) apasercs TeH30pOM,
31ech [T, Y] — BEKTOpHOE NPOM3BEICHUE BEKTOPOB T, § . HaliTm KOOpIuHATHI TeH-
30pa t orHocuTeabHO Gasuca By = {€7, €5, €3}, B Kotopom [e7, | = e3, [é3,e3] =
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ey, [e3,€1] = €. Banucarp pasjioxeHue TeH30pa 10 HA3UCY.
v (@) y*(T)
y'(T3) v (%)
ero KOOpJAUHATH B KAKOM-IHO0 6asmce U HAIIMCATDL €ro pasjoyKeHue 1o Da3ucy.

Bamaua 18. IIycts By = {e€7,¢5,¢€3, ¢4} — 6a3uc B mpocrpancrse V u By« =
{4 % 3, f*Y - nsoitcrenubiit k nemy Gasuc u t = fl®e + Qe + PR €.
Haitrn:

1) Bce y € V* takue, uro t(7,y) = 0 upu Beex T € V;

2) Bce T €V takue, uro t(T,y) = 0 npu Beex y € V*,

Bamaua 19. Haiitu snavenue t(7, 7, T ,y,y), €CIA BCe KOODAUHATH TEH30pa ¢
paBHBL 3 U T = €, + 26 + 3e3 +4es, y = f — f2, vae f' — KoBekTOpHI Gasuca,
JIBOMCTBEHHOIO K 0a3ucy ;.

3amaua 20. 3mensarcs Jiu KOMIIOHEHTHI TEH30Pa 5; pu nepexojie K Apyromy Oa-
3ucy?

Banaua 21. [Iycts 2° 1 1/ KoopAMHATH BEKTOPOB, COOTBETCTBeHHO, T 1 7 . SIBd-

Banaua 17. [lokazars, uro t : (77, 73,9, y?) = — tenzop. Hafitn

10Tca 1 Habopbl unces t9 = ¢ 4 1/ KOMIOHEHTAMH HEKOTOPOrO TeH30pa’

Bamaua 22. Ilycrs ¢f, — xomnonents tensopa Ty (V) u dim V = 2. Hanucars
3aKOH NMpeobpa3oBaHust KOMIIOHEHTHI {1,.

Bamada 23. [lokasarb, 9TO TEH30p t;; — PA3JIOKHEM TOJA U TOJBKO TOLIA, KOIJIA
rang |[ty]| = 1

Samaua 24. Kakue u3 ¢IeAyIOmuX TEH30POB, 3aJaHHBIX CBOMMHU KOOPIANHATAMH,
PA3IOKUMBL: a) t;; = ij; b) t;; = 0175 ¢) tij =i+ 57

3azada 25. Ilycrs t;k — KOMIIOHEHTHI TeH3opa B By . Haiitu tél/k,, ectm: a) C =

| _11 _21 — Marpuna nepexojga or By K B, u t;l = ’ (1) 8 , ;2 = _01 (1) :
10 0 01 -1
b) C=| -1 —1 0 |- marpuma nepexoga or By k Byutl, =1 0 2 |, ti, =
0 0 1 00 O
0 0 0
-1 1 1°
1 1 0

OTBeThbl 1 perleHnd.

3anaua 2. Ykazaunue. Haiitu pasmMepHOCTDb sapa JuHeiiHOW (PYyHKIINN.

Bamaua 3. EauHCTBeHEBIM KOBEKTOPOM gpisgercs Gpyrkmus F2. OboznaunM depes
fL, £2, f? xoekTopw! Gasuca, asoiictsennoro K By. [ycts F? = aif! + asf? + asf3.
17151 TOro, 4To6b HaiiTu KO3(PpUIHEHTE! PA3JI0XKeHUs a; MOJCTABAM B PaBeHCTBO F'3 =
S 3a;f' B kKavecTBe aprymenta ekTop €7, j = 1,2,3. Umeem: F3(e) = 37 a,f(e}).
Tenepsb, y9uTHIBast onpe/ieeHne IBOHCTBEHHOTO basuca, moaydnm F3(e)) = 33 aidé =
a;. Takum obpaszom, a; = F3(e7) =1, ay = F3(e3) = 4, a3 = F3(e3) = —1.

Bagaga 4. 1-pii cnoco6 pemenus. Iyers By- = {f', f2} u Bj,.. = {f", f¥} -
Ga3ucel IBOIICTBEHHBIE, COOTBETCTBEHHO, K By u By,. Beranciaum kosbdunuentst d;; B
PA3JIOXKEHNN KOBEKTOPOB

fU=dift + do 2 (21)
f¥ = diaf' + dpf?. (22)
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JIist 9T0r0 10ACTaBUM BEKTOD €1/ B KAUECTBE aprymeHTa B 00e 1actu paBeHcrsa (21).
Torma, yauTbiBag onpeaeneHne IBOICTBEHHOro Oasmca, MIPUXOAUM K paBeHCTBY: 1 =
di1+dz12. Ananoruano, mojcrasisag B (21) BeKTOp €2/, Oyaem umernb: 0 = dy1(—1) +do.
Pemast monydeHnyo cuCTeMy OTHOCHTEJIbHO KOIMIUIUEHTOB dy1, doy, HAXOAUM dyq =
1/3, dy; = 1/3. Anasnornuno u3 paBerctsa (22) HaxoquM Ko3bGUIUEHTH dio, dos.

2-o0it cniocob pettenusi. [Ipumensss reopeMmy 2, HaxoAuM MarTpuily nepexoja D jijis
JBoiicTBenHbIX Gazucos 1o dopmyse D = (C~1) rae ||C|| — marpuna nepexona or By,
K By

Banauda 5. Ykazanue. Haiitu koopaunaTel KopekTopa f!— f2 B 6asuce jpoiicTBen-
HOM K Gasucy By, .

Bagaua 7. 3). Basuc {g,(z) = [I[}2] kit (T —K)/ jJiasy ke (t — k) } — npoficrenubiii
K Gasucy {a'}, Gasuc {g;(x) = %} — apoiicrsennsiii k 6asucy {g'}.

3anaua 9. Ykazanue. Haiitu marpumy A, coorBercrByontyo dyarmun f @ X =
e — a2

3amaua 10. Ykazanue. PaccMoTpeThb djipa 3TUX (DYHKITHIA.

Bamaua 11. Penrenue. ITo yenosuio nveem paserncrsa: F(€) = ale;, rue i, j = 1,n.
[Iycts By« = {f'} — aBoiictBennstii k By Gazuc u F*(f') = bL f5. Torna mo onpenese-
o F* mieen pasertctsa F*(f1)(27) = f1(F(2)) = f1(ale) = al f(7) = aldt = .
B o ke Bpems F*(f)(€) = VL f5(e]) = bL67 = bl. Bazkno ormerurh, uro B He sABIIsI-
erca Marpuueil oneparopa F* B 6asuce By«, T.K. 00pa3bl 6a3UCHBIX BEKTOpoB F*(f*)
ABJSIOTCSA CTPOKAMH MaTpuilpl B, a ne crosbnamu. I[losTomy marpurieit oneparopa F™*
aBngercd mMarpuna A’

3amaua 14. Ykazanue. Bocnoib3oBarbes JUHEHHOCTHIO TEH30PHOTO POU3BEICHUS
WM HAfTH 3HAYEeHHs TeH30pa Ha Habopax 0a3UCHBIX KOBEKTOPOB.

—~

Banaua 17. Ykazauue. Haiiru t(¢;,,&;,, f7', f71). Orger: t = f1 @ f2 ® it ® e’ +
2 1o 3 o 1 1 PP S (R TP (P
ffofleee —flf e e —fPflRe @e.
3amaua 20. Her.
3amaga 21. Vkazauume. Hanpumep, paccMmorpersb caydail, korma dim V = 2 un
H
T=0.
t; t; .. —
Bagauga 23. Ilycrs rang||t;;|| = 1. Torma | "™ t”’ =0Vi, j,m,n=1,n. Ilycrs
Jgm tjp

_ tjtp D —
t11 # 0. CnengoBarensHo, tj, = ]tT pu Beex ¢, p = 1, n. PaccmoTpum Ba KOBEKTOpa

a:tjlfjnb:%’l’fp. Tormat =a®b.
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