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Âàðèàíò 1

1. Âû÷èñëèòü∫
L

|y| ds, L = {(x, y, z) : x2 + y2 = z2, x2 + y2 = ax}

2. Âû÷èñëèòü ∫∫
S

(x− y) dS

ãäå S - ÷àñòü öèëèíäðà x2 + y2 = a2, ëåæàùàÿ âíóòðè öèëèíäðè÷åñêîé
ïîâåðõíîñòè z2 = a(a− x).

3. Âû÷èñëèòü ∫
Γ

(y2 − z2) dx+ (z2 − x2) dy + (x2 − y2) dz

ãäå Γ - ãðàíèöà ÷àñòè ñôåðû x2 + y2 + z2 = 1, ëåæàùåé â ïåðâîì
îêòàíòå, ïðîáåãàåìàÿ ïî õîäó ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü èç òî÷êè
(0; 0; 0).

4. Âû÷èñëèòü ∫
L

xyz dx+ y2z dy + zx2 dz

ãäå L - êðèâàÿ x2 + z2 = a2, y2 + z2 = a2, x ≥ 0, ïîëîæèòåëüíî
îðèåíòèðîâàííàÿ íà âíåøíåé ñòîðîíå ïåðâîãî öèëèíäðà.

5. Âû÷èñëèòü ∫∫
S

(4x2 + z2) dydz + 4xy dzdx+ z2 dxdy

ãäå S - ÷àñòü ïîâåðõíîñòè 4x2 − y2 = a2, ëåæàùàÿ âíóòðè êîíóñà

x =
√
y2 + z2.
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6. Íàéòè ïîòîê ïîëÿ ā=(z − y)i+(x− z)j+(y − x)k ÷åðåç ïîëíóþ
ïîâåðõíîñòü òåòðàýäðà, îãðàíè÷åííîãî ïëîñêîñòÿìè

x+ y + z = 1, x+ y − z = 1, x = 0, y = 0

â íàïðàâëåíèè âíåøíåé íîðìàëè.

Âàðèàíò 2

1. Âû÷èñëèòü ∫
L

(x+ y) ds,

ãäå L - ïðàâûé ëåïåñòîê ëåìíèñêàòû r2 = a2 cos 2ϕ.

2. Âû÷èñëèòü ∫∫
S

(x− y2 + z3) dS,

ãäå S - ÷àñòü öèëèíäðà x2 + y2 = a2, x ≥ 0, ëåæàùàÿ ìåæäó
ïëîñêîñòÿìè x+ z = 0, x− z = 0.

3. Âû÷èñëèòü ∫
L

xy dx− x3y3 dy,

ãäå L - êîíòóð êâàäðàòà |x− y|+ |x+ y| = 1 ñ îòðèöàòåëüíûì
íàïðàâëåíèåì îáõîäà.

4. Âû÷èñëèòü∫
L

(z − x2 − y) dx+ (x+ y + z) dy + (y + 2x+ z3) dz,

ãäå L - êðèâàÿ x2 + y2 + z2 = 2az, y2 + z2 = x2, x ≥ 0, ïîëîæèòåëüíî
îðèåíòèðîâàííàÿ íà âíåøíåé ñòîðîíå ïðàâîé (x ≥ 0) ïîëóñôåðû.

5. Âû÷èñëèòü ∫∫
S

x dydz + y dzdx+ z dxdy,
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ãäå S - ïðàâàÿ ñòîðîíà ÷àñòè öèëèíäðà y2 + x = 1, 0 ≤ z ≤ 2, x ≥ 0.

6. Âû÷èñëèòü ∫∫
S

yz2 dydz + zy2 dzdx+ yx2 dxdy,

ãäå S - âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè òåëà

V = {(x, y, z) : 0 ≤ z ≤ x2 + y2, x2 + y2 ≤ 1, x ≥ 0, y ≥ 0}

.

Âàðèàíò 3

1. Âû÷èñëèòü ∫
L

x ds

ãäå L - âåðõíÿÿ ïîëîâèíà êðèâîé r = 1 + cosϕ (0 ≤ ϕ ≤ π)

2. Âû÷èñëèòü ∫∫
S

(xy + yz + zx) dS

ãäå S = {(x, y, z) : z =
√
x2 + y2, x2 + y2 < 2ax}.

3. Âû÷èñëèòü ∫
L

(x+ y) dx− xy dy

ãäå L - äóãà êðèâîé x1/4 + y1/4 = a1/4 îò òî÷êè A = (0, a) äî òî÷êè
B = (a, 0).

4. Âû÷èñëèòü ∫
L

(xy + z) dx+ (yz + x) dy + (zx+ y) dz

ãäå L - îêðóæíîñòü {x2 + y2 + z2 = a2, x+ y + z = 0}, ïîëîæèòåëüíî
îðèåíòèðîâàííàÿ íà âåðõíåé ñòîðîíå ïëîñêîñòè.
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5. Âû÷èñëèòü ∫∫
S

(x2 + y2 + z2) dzdx

ãäå S - ÷àñòü âíåøíåé ñòîðîíû êîíóñà y =
√
x2 + z2, 0 ≤ y ≤ b.

6. Íàéòè ïîòîê ïîëÿ a=2xi−yj+zk ÷åðåç ïîâåðõíîñòü òåëà

x2 + y2 + z2 ≤ 4, 3z ≤ x2 + y2 â íàïðàâëåíèè âíåøíåé íîðìàëè.

Âàðèàíò 4

1. Âû÷èñëèòü äëèíó êðèâîé, çàäàííîé óðàâíåíèåì r = a sin3 (ϕ/3).

2. Îïðåäåëèòü êîîðäèíàòû öåíòðà ìàññ îäíîðîäíîé ïîâåðõíîñòè

z =
√
x2 + y2, x2 + y2 ≤ x.

3. Âû÷èñëèòü ∫
L

xy2 dx+ yz2 dy − zx2 dz

ãäå L - îòðåçîê AB, A(3,−6, 0), B(−2, 4, 5).

4. Âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a=x2y3i+j+zk âäîëü
êðèâîé x2 + y2 = R2, z = x.

5. Âû÷èñëèòü ∫∫
S

(x2 + z2) dydz

ãäå S - ÷àñòü âíåøíåé ñòîðîíû öèëèíäðà x =
√

9− y2, 0 ≤ z ≤ 2.

6. Âû÷èñëèòü ∫∫
S

x dydz + y dzdx+ z dxdy

ãäå S - âíóòðåííÿÿ ñòîðîíà ïîâåðõíîñòè òåëà V ,

V = {(x, y, z) : x+ 2y + 3z ≤ 1, x ≥ 0, y ≥ 0, z ≥ 0}.
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Âàðèàíò 5

1. Âû÷èñëèòü ∫
Γ

√
2y2 + z2 ds

ãäå Γ - îêðóæíîñòü {x2 + y2 + z2 = a2, x = y}.

2. Âû÷èñëèòü ∫∫
S

(
x2 + y2 + z − 1

2

)
dS

ãäå S - ÷àñòü ïàðàáîëîèäà 2z = 2− x2 − y2, z ≥ 0.

3. Âû÷èñëèòü ∫
L

2x dx− (x+ 2y) dy

ãäå L - ïåðèìåòð òðåóãîëüíèêà ABC, A(−1, 0), B(0, 2), C(2, 0),
ïðîáåãàåìûé ïðîòèâ ÷àñîâîé ñòðåëêè.

4. Âû÷èñëèòü ∫
L

(y2 + z2) dx+ (x2 + z2) dy + (y2 + x2) dz

ãäå L - âåðõíÿÿ (z ≥ 2) ïåòëÿ êðèâîé x2 + y2 = 2x, x2 + y2 + z2 = 4z,
ïîëîæèòåëüíî îðèåíòèðîâàííàÿ íà âíåøíåé ñòîðîíå âåðõíåé (z ≥ 2)
ïîëóñôåðû.

5. Âû÷èñëèòü ∫∫
S

(x4 + y4 + 2a2z2) dxdy

ãäå S - ÷àñòü íèæíåé ñòîðîíû ïàðàáîëîèäà az = xy, ëåæàùàÿ â ïåðâîì
îêòàíòå è âíóòðè öèëèíäðà (x2 + y2)2 = bxy.

6. Âû÷èñëèòü∫∫
S

(x2 + y2) dydz + (y2 + z2) dzdx+ (z2 + x2) dxdy
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ãäå S - âíóòðåííÿÿ ñòîðîíà ïîâåðõíîñòè òåëà V ,

V = {(x, y, z) : x2 + y2 + z2 ≤ a2, x ≥ 0, y ≥ 0, z ≤ 0}.

Âàðèàíò 6

1. Âû÷èñëèòü ∫
L

(x3 + y3) ds

ãäå L = {(x, y) : (x2 + y2)2 = 2a2xy, x ≥ 0, y ≥ 0}

2. Âû÷èñëèòü ∫∫
S

z3xy2 dS

ãäå S - ÷àñòü öèëèíäðà x2 + y2 = 2ax, z > 0, ëåæàùàÿ âíóòðè êîíóñà
y2 + z2 = x2.

3. Âû÷èñëèòü ∫
Γ

y2 dx+ z2 dy + x2 dz

ãäå Γ - ëèíèÿ ïåðåñå÷åíèÿ ñôåðû x2 + y2 + z2 = R2 è öèëèíäðà
x2 + y2 = Rx (R > 0, z ≥ 0), ïðîáåãàåìàÿ ïðîòèâ õîäà ÷àñîâîé ñòðåëêè,
åñëè ñìîòðåòü èç òî÷êè (0; 0; 0).

4. Âû÷èñëèòü ∫
L

2xy dx+ z2 dy + x2 dz

ãäå L - ýëëèïñ 2x2 + 2y2 = z2, x+ z = a, ïîëîæèòåëüíî
îðèåíòèðîâàííûé íà âåðõíåé ñòîðîíå ïëîñêîñòè.

5. Âû÷èñëèòü ∫∫
S

y2 dydz + z2 dzdx− x2 dxdy

ãäå S - âíåøíÿÿ ñòîðîíà ÷àñòè ïîâåðõíîñòè òåëà
2x2 + 2y2 ≤ az ≤ x2 + y2 + a2, óäîâëåòâîðÿþùåé óñëîâèþ y ≥ 0.
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6. Âû÷èñëèòü ∫∫
S

xz2 dydz + yx2 dzdx+ zy2 dxdy

ãäå S - âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè òåëà V,

V = {(x, y, z) : x2 + y2 + z2 ≤ 2az, x2 + y2 ≥ 3z2, x ≥ y}.

Âàðèàíò 7

1. Íàéòè öåíòð òÿæåñòè äóãè àñòðîèäû

x2/3 + y2/3 = a2/3, (x ≥ 0).

2. Âû÷èñëèòü ∫∫
S

xyz dS

ãäå S - ÷àñòü êîíóñà z2 = 2xy, x2 + y2 ≤ a2, z ≥ 0.

3. Âû÷èñëèòü ∫
L

y5/3 dx− x5/3 dy

ãäå L - ïîëîæèòåëüíî îðèåíòèðîâàííàÿ êðèâàÿ x2/3 + y2/3 = a2/3.

4. Âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ a=xzi−yz2j+xyk âäîëü
êðèâîé

x2 + y2 = a2, z = x2 − y2 + 2a2.

5. Âû÷èñëèòü∫∫
S

(x+ y2) dydz + (y + z2) dzdx+ (z + x2) dxdy

ãäå S - ÷àñòü âíåøíåé ñòîðîíû öèëèíäðà x2 + y2 = a2, 0 ≤ z ≤ H.

6. Âû÷èñëèòü ∫∫
S

x dydz + y dzdx+ z dxdy
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ãäå S âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âîêðóã
îñè OZ êðèâîé y = 2− |z − 1|, z ∈ [0, 2].

Âàðèàíò 8

1. Âû÷èñëèòü ∫
Γ

(x4/3 + y4/3) ds

ãäå Γ - àñòðîèäà x2/3 + y2/3 = a2/3.

2. Âû÷èñëèòü ∫∫
S

xyz dS

ãäå S - ÷àñòü êîíóñà z2 = 2xy, z ≥ 0, ëåæàùàÿ âíóòðè öèëèíäðà
x2 + y2 = a2.

3. Âû÷èñëèòü ∫
Γ

(y2 + z2) dx+ (z2 + x2) dy + (x2 + y2) dz

ãäå Γ - ëèíèÿ ïåðåñå÷åíèÿ ïîâåðõíîñòåé
x2 + y2 + z2 = 2Rx, x2 + y2 = 2rx, 0 < r < R, z ≥ 0, ïðîáåãàåìàÿ
ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü ñ ïîëîæèòåëüíîé ïîëóîñè
Oz.

4. Âû÷èñëèòü ∫
L

x dy − y dx
x2 + y2

+ z dz

ãäå L - îêðóæíîñòü x2 + y2 + z2 = R2, x+ y + z = 0, ïîëîæèòåëüíî
îðèåíòèðîâàííàÿ íà âåðõíåé ñòîðîíå ïëîñêîñòè.

5. Âû÷èñëèòü ∫∫
S

xy dydz + yz dzdx+ xz dxdy

ãäå S - ÷àñòü âíåøíåé ñòîðîíû êîíóñà x2 + y2 = z2, 0 ≤ z ≤ H.
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6. Íàéòè ïîòîê ïîëÿ a=xi−xyj+zk ÷åðåç ÷àñòü öèëèíäðà
x2 + y2 = R2, z ≥ 0, x+ z ≤ R â íàïðàâëåíèè âíåøíåé íîðìàëè.

Âàðèàíò 9

1. Âû÷èñëèòü ∫
L

y3 ds

ãäå L - ïåòëÿ êðèâîé r = a cos 4ϕ , ïåðåñåêàþùàÿ ïîëîæèòåëüíóþ îñü
OX.

2. Âû÷èñëèòü ∫∫
S

xz dS

ãäå S - ÷àñòü öèëèíäðà x2 + y2 = 2ax, ëåæàùàÿ ìåæäó êîíóñîì
z =

√
x2 + y2 è ïàðàáîëîèäîì z = x2+y2

2a .

3. Âû÷èñëèòü ∫
L

xy2 dx+ (y2 − x2) dy

ãäå L - ïîëîæèòåëüíî îðèåíòèðîâàííàÿ êðèâàÿ r = a(1 + cosϕ).

4. Âû÷èñëèòü ∫
L

z2 dx+ x2 dy + y2 dz

ãäå L - êðèâàÿ x2 + y2 = 2ax, z =
√

x2+y2

3 , ïîëîæèòåëüíî
îðèåíòèðîâàííàÿ íà âíåøíåé ñòîðîíå êîíóñà.

5. Âû÷èñëèòü ∫∫
S

x dydz + y dzdx+ z dxdy

ãäå S - âåðõíÿÿ ñòîðîíà ÷àñòè ãèïåðáîëè÷åñêîãî ïàðàáîëîèäà
z = x2 − y2, |y| ≤ x ≤ a.
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6. Âû÷èñëèòü∫∫
S

(xy2 + z2) dydz + (yz2 + x2) dzdx+ (zx2 + y2) dxdy

ãäå S - âíåøíÿÿ ñòîðîíà âåðõíåé ïîëóñôåðû x2 + y2 + z2 = a2, z ≥ 0.

Âàðèàíò 10

1. Íàéòè êîîðäèíàòû öåíòðà òÿæåñòè êðèâîé
√
x+
√
y =
√
a, (0 ≤ x ≤ a).

2. Âû÷èñëèòü ∫∫
S

√
1 +

x2

p2
+
y2

q2
dS

ãäå S - ÷àñòü ïàðàáîëîèäà z = x2

2p −
y2

2q , x ≥ 0, ëåæàùàÿ âíóòðè

öèëèíäðà
(
x2

p2 + y2

q2

)2

= a2
(
x2

p2 −
y2

q2

)
.

3. Âû÷èñëèòü ∫
AB

xy2 dx+ yz2 dy − zx2 dz

ãäå AB - äóãà îêðóæíîñòè {x2 + y2 + z2 = 45, 2x+ y = 0} îò òî÷êè
A (3,−6, 0) äî òî÷êè B (−2, 4, 5).

4. Âû÷èñëèòü ∫
L

(x2 + y) dx+ (y2 + z) dy + (z2 + x) dz

ãäå L - ýëëèïñ {x2 + y2 = 4, x+ z = 2}, ïîëîæèòåëüíî
îðèåíòèðîâàííûé íà âåðõíåé ñòîðîíå ïëîñêîñòè.

5. Âû÷èñëèòü ∫∫
S

(a2x+ by2 + cz2) dydz
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ãäå S - ïðàâàÿ ñòîðîíà ÷àñòè öèëèíäðà y2 = 2px, 0 ≤ z ≤ q, x ≤ 2p.

6. Íàéòè ïîòîê ïîëÿ a=(x− y + z)i+(y − z + x)j+(z − x+ y)k ÷åðåç
ïîâåðõíîñòü |x|+ |y|+ |z| = 1 â íàïðàâëåíèè âíåøíåé íîðìàëè.

Âàðèàíò 11

1. Âû÷èñëèòü ∫
L

(x+ 4y) ds

ãäå L - ïðàâàÿ ïåòëÿ êðèâîé r2 = cos 2ϕ (x ≥ 0).

2. Îïðåäåëèòü ìàññó ÷àñòè ãèïåðáîëè÷åñêîãî ïàðàáîëîèäà x2 − y2 = 2z,
âûðåçàåìîé öèëèíäðîì x2 + y2 = 1, ñ ïëîòíîñòüþ ρ = |z|.

3. Âû÷èñëèòü ∫
L

(4xy − 15x2y) dx+ (2x2 − 5x3 + 7) dy

ãäå L - ÷àñòü êðèâîé y = x3− 3x2 + 2 îò òî÷êè A = (1−
√

3, 0) äî òî÷êè
B = (1, 0).

4. Âû÷èñëèòü∫
L

(z − x2 − y) dx+ (x+ y + z) dy + (y + 2x+ z3) dz

ãäå L - êðèâàÿ x2 + y2 + z2 = 2az, y2 + z2 = x2, x ≥ 0, ïîëîæèòåëüíî
îðèåíòèðîâàííàÿ íà âíåøíåé ñòîðîíå ïðàâîé (x ≥ 0) ïîëóñôåðû.

5. Âû÷èñëèòü∫∫
S

(x+ y2) dydz + (y + z2) dzdx+ (z + x2) dxdy

ãäå S - ÷àñòü âíåøíåé ñòîðîíû öèëèíäðà x2 + y2 = a2, 0 ≤ z ≤ H.

6. Âû÷èñëèòü∫∫
S

(xy2 + z2) dydz + (yz2 + x2) dzdx+ (zx2 + y2) dxdy
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ãäå S - âíåøíÿÿ ñòîðîíà âåðõíåé ïîëóñôåðû x2 + y2 + z2 = a2, z ≥ 0.

Âàðèàíò 12

1. Âû÷èñëèòü ∫
L

|y| ds,

ãäå L - êðèâàÿ r = a(2 + cosϕ).

2. Âû÷èñëèòü ∫∫
S

√
x dS,

ãäå S - ÷àñòü öèëèíäðà x2 + y2 = 2ax, ëåæàùàÿ âíå ãèïåðáîëîèäà
x2 + y2 − z2 = a2.

3. Âû÷èñëèòü ∫
L

yz dx+ ay dz − az dy,

ãäå L - ÷àñòü êðèâîé {x2 + y2 = z2, y2 + x2 = ax, y ≥ 0, z ≥ 0} îò
òî÷êè A = (0, 0, 0) äî òî÷êè B = (a, 0, a).

4. Âû÷èñëèòü ∫
L

(xy + z) dx+ (yz + x) dy + y
√
a2 − x2 dz,

ãäå L - êðèâàÿ {x2 + y2 + z2 = 2ax, x2 + y2 = a2}, ïîëîæèòåëüíî
îðèåíòèðîâàííàÿ íà âíóòðåííåé ñòîðîíå ñôåðû.

5. Âû÷èñëèòü ∫∫
S

x3 dydz + y3 dzdx+ z3 dxdy,

ãäå S - âåðõíÿÿ ñòîðîíà ÷àñòè ïàðàáîëîèäà x2 + y2 = 2− z, z ≥ 0.

6. Íàéòè ïîòîê ïîëÿ a=x2yi+xy2j+xyzk ÷åðåç ïîâåðõíîñòü S â
íàïðàâëåíèè âíåøíåé íîðìàëè,

S = {(x, y, z) : x2 + y2 + z2 = R2, x ≥ 0, y ≥ 0, z ≥ 0}.

14



Âàðèàíò 13

1. Íàéòè ìîìåíò èíåðöèè îäíîðîäíîé äóãè L ïëîòíîñòè ρ îòíîñèòåëüíî
îñè OX.

L = {(x, y) :
√
x+
√
y =
√
a, 0 ≤ x ≤ a}

2. Âû÷èñëèòü ∫∫
S

(x+ y + z) dS,

ãäå S - ÷àñòü êîíóñà x2 = y2 + z2, ëåæàùàÿ âíóòðè öèëèíäðà
x2 + y2 = 2ax.

3. Âû÷èñëèòü ∫
L

x2y dx− y2x dy,

ãäå L - âåðõíÿÿ (y ≥ 0) ÷àñòü ïðàâîé ïåòëè (x ≥ 0) ëåìíèñêàòû

(x2 + y2)2 = a2(x2 − y2) îò òî÷êè A = (0, 0) äî òî÷êè B = (a, 0).

4. Âû÷èñëèòü∫
L

(z2 − y2) dx+ (x2 − z2) dy + (y2 − x2 + x) dz

ãäå L - ýëëèïñ {x2 + y2 = 8x, x+ y + z = 0}, ïîëîæèòåëüíî
îðèåíòèðîâàííûé íà âåðõíåé ñòîðîíå ïëîñêîñòè.

5. Âû÷èñëèòü ∫∫
S

y dydz − x dzdx+ z dxdy,

ãäå S - ÷àñòü âåðõíåé ñòîðîíû ãåëèêîèäà

x = u cos v, y = u sin v, z = av, 0 ≤ v ≤ 2π, 0 ≤ u ≤ 1.

6. Íàéòè ïîòîê ïîëÿ a=xi−xyj+zk ÷åðåç ÷àñòü öèëèíäðà
x2 + y2 = R2, z ≥ 0, x+ z ≤ R â íàïðàâëåíèè âíåøíåé íîðìàëè.
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Âàðèàíò 14

1. Âû÷èñëèòü ∫
Γ

x
√
x2 − y2 ds,

ãäå Γ - ïðàâûé ëåïåñòîê ëåìíèñêàòû r2 = a2 cos 2ϕ

2.Íàéòè ìàññó ÷àñòè öèëèíäðà x2 + z2 = 2az, ëåæàùåé âíóòðè êîíóñà
x2 + y2 = z2, åñëè ïëîòíîñòü ρ = |y|.

3. Âû÷èñëèòü ∫
L

x2 dy − xy dx,

ãäå L - ÷àñòü êðèâîé x4 − y4 = 6x2y îò òî÷êè A = (−4
√

2, 4) äî òî÷êè
B = (0, 0).

4. Âû÷èñëèòü ∫
L

2xy dx+ z2 dy + x2 dz

ãäå L - ýëëèïñ 2x2 + 2y2 = z2, x+ z = a, ïîëîæèòåëüíî
îðèåíòèðîâàííûé íà âåðõíåé ñòîðîíå ïëîñêîñòè.

5. Íàéòè ïîòîê ïîëÿ a=xzi+yzj+z2k ÷åðåç âíåøíþþ ñòîðîíó ÷àñòè
ñôåðû x2 + y2 + z2 = 9, z ≥ 2.

6. Âû÷èñëèòü ∫∫
S

x dydz + y dzdx+ z dxdy,

ãäå S âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì âîêðóã
îñè OZ êðèâîé x = 1 + sin z, z ∈ [0, π].

Âàðèàíò 15

1 Íàéòè êîîðäèíàòû öåíòðà ìàññ îäíîðîäíîé êðèâîé

L = {(x, y) : x2/3 + y2/3 = a2/3, x ≥ 0, y ≥ 0}.
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2. Âû÷èñëèòü ∫∫
S

y2 dS,

ãäå S ïîëó÷åíà ïðè âðàùåíèè êðèâîé y = cosx, |x| ≤ π/2 âîêðóã îñè
OX.

3. Âû÷èñëèòü ∫
Γ

xy2 dx− x2y dy

x2 + y2
,

ãäå Γ - ïðàâûé ëåïåñòîê ëåìíèñêàòû r2 = a2 cos 2ϕ.

4. Âû÷èñëèòü ∫
Γ

y2 dx+ z2 dy + x2 dz,

ãäå Γ - ëèíèÿ ïåðåñå÷åíèÿ ñôåðû x2 + y2 + z2 = R2 è öèëèíäðà
x2 + y2 = Rx (R > 0, z ≥ 0), ïðîáåãàåìàÿ ïðîòèâ õîäà ÷àñîâîé ñòðåëêè,
åñëè ñìîòðåòü èç òî÷êè (0; 0; 0).

5. Âû÷èñëèòü ∫∫
S

(x− 1)3 dydz,

ãäå S - âíåøíÿÿ ñòîðîíà ïîëóñôåðû x2 + y2 + z2 = 2x, z ≤ 0.

6. Íàéòè ïîòîê ïîëÿ a=(z − y)i+(x− z)j+(y − x)k ÷åðåç ïîëíóþ
ïîâåðõíîñòü òåòðàýäðà, îãðàíè÷åííîãî ïëîñêîñòÿìè
x+ y + z = 1, x+ y − z = 1, x = 0, y = 0 â íàïðàâëåíèè âíåøíåé
íîðìàëè.

Âàðèàíò 16

1. Íàéòè êîîðäèíàòû öåíòðà ìàññ îäíîðîäíîé êðèâîé

L = {(x, y, z) : x2 + y2 + z2 = a2, |y| = x, z ≥ 0}.

2. Âû÷èñëèòü ∫∫
S

(x+ y + z) dS,
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ãäå S - ïîëíàÿ ïîâåðõíîñòü òåëà V, ãäå

V = {(x, y, z) :
√
x2 + y2 ≤ z ≤

√
2a2 − x2 − y2}.

3. Âû÷èñëèòü ∫
L

x dy − y dx,

ãäå L - ïåòëÿ êðèâîé x4 + y4 = a2(x2 + y2) ñ ïîëîæèòåëüíûì
íàïðàâëåíèåì îáõîäà.

4. Âû÷èñëèòü ∫
Γ

(y2 − z2) dx+ (z2 − x2) dy + (x2 − y2) dz,

ãäå Γ - ãðàíèöà ÷àñòè ñôåðû x2 + y2 + z2 = 1, ëåæàùåé â ïåðâîì
îêòàíòå, ïðîáåãàåìàÿ ïî õîäó ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü èç òî÷êè
(0; 0; 0).

5. Âû÷èñëèòü ∫∫
S

x dydz − y dzdx+ z dxdy,

ãäå S - âåðõíÿÿ ñòîðîíà ÷àñòè êîíóñà x2 + y2 = z2, z ≥ 0, ëåæàùåé
âíóòðè öèëèíäðà x2 + y2 = a2.

6. Íàéòè ïîòîê ïîëÿ a=x3i+y3j+z3k ÷åðåç âíåøíþþ ñòîðîíó
ïîëóñôåðû x2 + y2 + z2 = 2x, z ≥ 0.

Âàðèàíò 17

1. Íàéòè öåíòð òÿæåñòè äóãè àñòðîèäû x2/3 + y2/3 = a2/3, (x ≥ 0).

2. Âû÷èñëèòü ∫∫
S

√
a2 + y2 + z2 dS,

ãäå S - ÷àñòü ïàðàáîëîèäà ax = yz, ëåæàùàÿ âíóòðè öèëèíäðà
(y2 + z2)2 = 2b2yz.
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3. Âû÷èñëèòü ∫
Γ

xy2 dx− x2y dy

x2 + y2
,

ãäå Γ - ïðàâûé ëåïåñòîê ëåìíèñêàòû r2 = a2 cos 2ϕ.

4. Âû÷èñëèòü ∫
L

y dx+ z dy + x dz,

ãäå L - îêðóæíîñòü x2 + y2 + z2 = R2, x+ y + z = 0, ïîëîæèòåëüíî
îðèåíòèðîâàííàÿ íà âåðõíåé ñòîðîíå ïëîñêîñòè.

5. Âû÷èñëèòü ∫∫
S

x3 dydz + y3 dzdx+ z3 dxdy,

ãäå S - âåðõíÿÿ ñòîðîíà ÷àñòè ïàðàáîëîèäà x2 + y2 = 2− z, z ≥ 0.

6. Âû÷èñëèòü ∫∫
S

x2 dydz + y2 dzdx+ z2 dxdy,

ãäå S - âíåøíÿÿ ñòîðîíà ïîëíîé ïîâåðõíîñòè òåëà
x2

a2 + y2

b2 ≤
z2

c2 , 0 ≤ z ≤ c.

Âàðèàíò 18

1. Âû÷èñëèòü ∫
L

(x+ 4y) ds,

ãäå L - ïðàâàÿ ïåòëÿ êðèâîé r2 = cos 2ϕ (x ≥ 0).

2. Âû÷èñëèòü ∫∫
S

√
a2 + y2 + z2 dS,

ãäå S - ÷àñòü ïàðàáîëîèäà ax = yz, ëåæàùàÿ âíóòðè öèëèíäðà
(y2 + z2)2 = 2b2yz.
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3. Âû÷èñëèòü ∫
L

(xy + x+ y) dx+ (xy + x− y) dy,

ãäå L - ÷àñòü îêðóæíîñòè x2 + y2 = ax (y ≤ 0) îò òî÷êè A = (0, 0) äî
òî÷êè B = (a, 0).

4. Âû÷èñëèòü ∫
L

y2 dx+ z2 dy + x2 dz,

ãäå L - êîíòóð ñå÷åíèÿ êóáà, ïîñòðîåííîãî íà åäèíè÷íûõ
ïîëîæèòåëüíûõ âåêòîðàõ îñåé êîîðäèíàò, ïëîñêîñòüþ, ïðîõîäÿùåé
÷åðåç òî÷êè O = (0, 0, 0), B = (0, 0, 1), A = (1, 1, 0), ïîëîæèòåëüíî
îðèåíòèðîâàííûé íà ïðàâîé ñòîðîíå ïëîñêîñòè.

5. Âû÷èñëèòü ∫∫
S

z2 dxdy,

ãäå S - âíóòðåííÿÿ ñòîðîíà ïîëóñôåðû
(x− a)2 + (y − b)2 + z2 = R2, z ≥ 0.

6. Âû÷èñëèòü∫∫
S

(1 + 2x) dydz + (2x+ 3y) dzdx+ (3y + 4z) dxdy,

ãäå S - âíóòðåííÿÿ ñòîðîíà ïîâåðõíîñòè
|x− y + z|+ |y − z + x|+ |z − x+ y| = a.

Âàðèàíò 19

1 Íàéòè êîîðäèíàòû öåíòðà ìàññ îäíîðîäíîé êðèâîé

L = {(x, y) :
√
x+
√
y =
√
a}.

2. Îïðåäåëèòü ìàññó ÷àñòè ãèïåðáîëè÷åñêîãî ïàðàáîëîèäà x2 − y2 = 2z,
âûðåçàåìîé öèëèíäðîì x2 + y2 = 1, ñ ïëîòíîñòüþ ρ = |z|.
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3. Âû÷èñëèòü ∫
L

xy dx− x3y3 dy,

ãäå L - êîíòóð êâàäðàòà |x− y|+ |x+ y| = 1 ñ îòðèöàòåëüíûì
íàïðàâëåíèåì îáõîäà.

4. Âû÷èñëèòü∫
L

(z2 − y2) dx+ (x2 − z2) dy + (y2 − x2 + x) dz,

ãäå L - ýëëèïñ x2 + y2 = 8x, x+ y + z = 0, ïîëîæèòåëüíî
îðèåíòèðîâàííûé íà âåðõíåé ñòîðîíå ïëîñêîñòè.

5. Âû÷èñëèòü ∫∫
S

x6 dydz + y4 dzdx+ z2 dxdy,

ãäå S - íèæíÿÿ ñòîðîíà ÷àñòè ýëëèïòè÷åñêîãî ïàðàáîëîèäà
z = x2 + y2, z ≤ 1.

6. Âû÷èñëèòü ∫∫
S

x2 dydz + y2 dzdx+ z2 dxdy,

ãäå S - âíåøíÿÿ ñòîðîíà ïîëíîé ïîâåðõíîñòè êîíóñà
x2

a2 + y2

b2 ≤
z2

c2 , 0 ≤ z ≤ c.

Âàðèàíò 20

1. Âû÷èñëèòü ∫
Γ

√
2y2 + z2 ds,

ãäå Γ - îêðóæíîñòü x2 + y2 + z2 = a2, x = y.

2. Âû÷èñëèòü ∫∫
S

√
x dS,
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ãäå S - ÷àñòü öèëèíäðà x2 + y2 = 2ax, ëåæàùàÿ âíå ãèïåðáîëîèäà
x2 + y2 − z2 = a2.

3. Âû÷èñëèòü ∫
L

(x+ y) dx− xy dy,

ãäå L - äóãà êðèâîé x1/4 + y1/4 = a1/4 îò òî÷êè A = (0, a) äî òî÷êè
B = (a, 0).

4. Âû÷èñëèòü ∫
L

(y + z) dx+ (z + x) dy + (x+ y) dz,

ãäå L - îêðóæíîñòü x2 + y2 + z2 = a2, x+ y + z = 0, ïîëîæèòåëüíî
îðèåíòèðîâàííàÿ íà âåðõíåé ñòîðîíå ïëîñêîñòè.

5. Íàéòè ïîòîê ïîëÿ a=x3i+y3j+z3k ÷åðåç âíåøíþþ ñòîðîíó
ïîëóñôåðû x2 + y2 + z2 = 2x, z ≥ 0.

6. Âû÷èñëèòü ∫∫
S

(x2 + z2) dydz,

ãäå S - ÷àñòü âíåøíåé ñòîðîíû öèëèíäðà x =
√

9− y2, 0 ≤ z ≤ 2.

Âàðèàíò 21

1. Íàéòè ìîìåíò èíåðöèè îäíîðîäíîé äóãè L ïëîòíîñòè ρ îòíîñèòåëüíî
îñè OY , ãäå

L = {(x, y) : x2/3 + y2/3 = a2/3, x ≥ 0, y ≥ 0}.

2. Âû÷èñëèòü ∫∫
S

dS

x+
√
y2 + z2

,

ãäå S ïîëó÷åíà ïðè âðàùåíèè äóãè x = a cos4 t, y = a sin4 t, 0 ≤ t ≤ π/2
âîêðóã îñè OX.
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3. Âû÷èñëèòü ∫
L

(e−x cos y − y2) dx+ (e−x sin y − x2) dy,

ãäå L - ïðàâàÿ (x ≥ a) ïîëóîêðóæíîñòü x2 + y2 = 2ax îò òî÷êè
A = (a, a) äî òî÷êè B = (a,−a).

4. Âû÷èñëèòü ∫
L

2xy dx+ z2 dy + x2 dz,

ãäå L - ýëëèïñ 2x2 + 2y2 = z2, x+ z = a, ïîëîæèòåëüíî
îðèåíòèðîâàííûé íà âåðõíåé ñòîðîíå ïëîñêîñòè.

5. Âû÷èñëèòü ∫∫
S

(x2 + 6z − 2y2) dxdy,

ãäå S - ÷àñòü íèæíåé ñòîðîíû öèëèíäðà y2 = 6z, 0 ≤ x ≤ 2, z ≤ 6.

6. Íàéòè ïîòîê ïîëÿ a=(z − y)i+(x− z)j+(y − x)k ÷åðåç ïîëíóþ
ïîâåðõíîñòü òåòðàýäðà, îãðàíè÷åííîãî ïëîñêîñòÿìè
x+ y + z = 1, x+ y − z = 1, x = 0, y = 0 â íàïðàâëåíèè âíåøíåé
íîðìàëè.

Âàðèàíò 22

1. Âû÷èñëèòü ∫
Γ

z ds,

ãäå Γ - äóãà êðèâîé x2 + y2 = z2, y2 = ax îò òî÷êè (0; 0; 0) äî òî÷êè
(a; a; a

√
2), a > 0.

2. Âû÷èñëèòü ∫∫
S

yz dS,

ãäå S - ÷àñòü ïîâåðõíîñòè, ïîëó÷åííîé âðàùåíèåì êðèâîé
y = cosx, |x| ≤ π/2, îòíîñèòåëüíî îñè OX, óäîâëåòâîðÿþùàÿ óñëîâèþ
z > y > 0.
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3. Âû÷èñëèòü ∫
L

x dy − y dx,

ãäå L - ÷àñòü êðèâîé x(x− y)2 + y = 0 îò òî÷êè A = (0, 0) äî òî÷êè
B = (2/5,−8/5).

4. Âû÷èñëèòü ∫
L

y2 dx+ z2 dy + x2 dz,

ãäå L - êîíòóð ñå÷åíèÿ êóáà, ïîñòðîåííîãî íà åäèíè÷íûõ
ïîëîæèòåëüíûõ âåêòîðàõ îñåé êîîðäèíàò, ïëîñêîñòüþ, ïðîõîäÿùåé
÷åðåç òî÷êè P = (1, 0, 0), Q = (0, 1, 0), R = (1, 0, 1), ïîëîæèòåëüíî
îðèåíòèðîâàííûé íà ïðàâîé ñòîðîíå ïëîñêîñòè.

5. Âû÷èñëèòü ∫∫
S

x3 dydz + y3 dzdx+ z dxdy,

ãäå S - ÷àñòü âíóòðåííåé ñòîðîíû ãèïåðáîëîèäà

x2 + y2 − z2 = 1, 0 ≤ z ≤ 3.

6. Âû÷èñëèòü∫∫
S

√
x2 + y2 dydz +

√
x2 + y2 dzdx+

√
z dxdy,

ãäå S - ïðàâàÿ ñòîðîíà ÷àñòè ïîâåðõíîñòè òåëà

V = {(x, y, z) : x2 + y2 ≤ z2, x2 + y2 ≤ 2− z, z ≥ 0},

óäîâëåòâîðÿþùåé óñëîâèþ x ≥ 0.

Âàðèàíò 23

1. Âû÷èñëèòü ∫
L

(x+ y) dS,

ãäå L = {(x, y, z) : x2 + y2 + z2 = R2; y = x; (x > 0, y > 0, z > 0)}.
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2. Âû÷èñëèòü ∫
C

(x+ y) dx+ (x− y) dy,

ãäå C - ýëëèïñ x2

a2 + y2

b2 = 1, ïðîáåãàåìûé ïðîòèâ ÷àñîâîé ñòðåëêè.

3. Âû÷èñëèòü ∫∫
S

(y + z +
√
a2 − x2) dS,

ãäå S - ïîâåðõíîñòü öèëèíäðà x2 + y2 = a2, çàêëþ÷åííàÿ ìåæäó
ïëîñêîñòÿìè z = 0; z = h.

4. Âû÷èñëèòü ∫∫
S

x2y2z dxdy,

ãäå S - ïîëîæèòåëüíàÿ ñòîðîíà ïîëóñôåðû x2 + y2 + z2 = R2, z < 0.

5. Èñïîëüçóÿ ôîðìóëó Ñòîêñà, âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ
a=xi +yj +zk ïî êîíòóðó C ïðîòèâ ÷àñîâîé ñòðåëêè, ãäå C -
ïåðåñå÷åíèå ïîâåðõíîñòè z2 = 4− x− y ñ êîîðäèíàòíûìè ïëîñêîñòÿìè.

6. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî, âû÷èñëèòü∫∫
S

xz dxdy + xy dydz + yz dxdz,

ãäå S - âíåøíÿÿ ñòîðîíà ïèðàìèäû, ñîñòàâëåííîé èç ïëîñêîñòåé

x = 0, y = 0, z = 0, x+ y + z = 1.

Âàðèàíò 24

1. Âû÷èñëèòü ∫
L

xyz dS,

ãäå L - ÷åòâåðòü îêðóæíîñòè

x2 + y2 + z2 = R2; x2 + y2 = R2/4; (x > 0, y > 0, z > 0).
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2. Âû÷èñëèòü ∫
C

(2a− y) dx+ x dy,

ãäå C : x = a(t− sin t), y = a(1− cos t), 0 ≤ t ≤ 2π .

3. Âû÷èñëèòü ∫∫
S

dS

r
,

ãäå S - ÷àñòü ïîâåðõíîñòè z = xy, îòñå÷åííàÿ öèëèíäðîì x2 + y2 = R2,
r - ðàññòîÿíèå îò òî÷êè ïîâåðõíîñòè äî îñè OZ.

4. Âû÷èñëèòü ∫∫
S

2 dxdy + y dxdz − x2z dydz,

ãäå S - âíåøíÿÿ ñòîðîíà ÷àñòè ýëëèïñîèäà

4x2 + y2 + 4z2 = 4, (x > 0, y > 0, z > 0).

5. Èñïîëüçóÿ ôîðìóëó Ñòîêñà, âû÷èñëèòü öèðêóëÿöèþ âåêòîðíîãî ïîëÿ
a=(x− 2)i +(x+ y)j −2zk âäîëü ïåðèìåòðà òðåóãîëüíèêà ñ
âåðøèíàìè A(1, 0, 0), B(0, 1, 0), C(0, 0, 1).

6. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî, âû÷èñëèòü∫∫
S

y2z dxdy + xz dydz + x2y dxdz,

ãäå S - âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè, îãðàíè÷èâàþùåé òåëî V ,

V = {(x, y, z) : x > 0, y > 0, x2 + y2 < 1, 0 < z < x2 + y2}.

Âàðèàíò 25

1. Âû÷èñëèòü ∫
L

arctg (y/x) dS,
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ãäå L - ÷àñòü ñïèðàëè Àðõèìåäà ρ = 2ϕ, çàêëþ÷åííàÿ âíóòðè êðóãà ñ
öåíòðîì â íà÷àëå êîîðäèíàò ðàäèóñà R.

2. Âû÷èñëèòü ∫
C

(xy + x+ y) dx+ (xy + x− y) dy,

ãäå C : x2 + y2 = ax (ïðîòèâ ÷àñîâîé ñòðåëêè).

3. Âû÷èñëèòü ∫∫
S

(x2y2 + x2z2 + y2z2) dS,

ãäå S - ÷àñòü ïîâåðõíîñòè êîíóñà z =
√
x2 + y2, îòñåêàåìàÿ öèëèíäðîì

x2 + y2 = 2x.

4. Âû÷èñëèòü ∫∫
S

(y2 + z2) dydz,

ãäå S - âíåøíÿÿ ñòîðîíà ÷àñòè ïàðàáîëîèäà x = a2 − y2 − z2,
îòñå÷åííàÿ ïëîñêîñòüþ yOz.

5. Èñïîëüçóÿ ôîðìóëó Ñòîêñà, âû÷èñëèòü∫
L

x2y3 dx+ dy + z dz,

ãäå L - ïåðåñå÷åíèå ïîâåðõíîñòè x2 + y2 = R2 ñ ïëîñêîñòüþ z = x.

6. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî, âû÷èñëèòü∫∫
S

z2 dxdy,

ãäå S - âíåøíÿÿ ñòîðîíà ýëëèïñîèäà x2

a2 + y2

b2 + z2

c2 = 1.

Âàðèàíò 26

1. Âû÷èñëèòü ∫
L

x
√
x2 − y2 dS,
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ãäå L - ëèíèÿ, çàäàííàÿ óðàâíåíèåì (x2 + y2)2 = a2(x2 − y2); (x > 0).

2. Âû÷èñëèòü ∫
C

ex((1− cos y) dx− (y − sin y) dy),

ãäå C - ïðîáåãàåìûé â ïîëîæèòåëüíîì íàïðàâëåíèè êîíòóð,
îãðàíè÷èâàþùèé îáëàñòü 0 < x < π; 0 < y < sinx .

3. Âû÷èñëèòü ∫∫
S

x2y2 dS,

ãäå S - ïîëóñôåðà x2 + y2 + z2 = r2; z > 0.

4. Âû÷èñëèòü ∫∫
S

yz dxdy + xz dydz + xy dxdz,

ãäå S - âíåøíÿÿ ñòîðîíà ïîâåðõíîñòè, ðàñïîëîæåííîé â ïåðâîì îêòàíòå
è ñîñòàâëåííîé èç öèëèíäðà x2 + y2 = R2 è ïëîñêîñòåé
x = 0, y = 0, (0 < z < h).

5. Èñïîëüçóÿ ôîðìóëó Ñòîêñà, âû÷èñëèòü∫
L

(y2 + z2) dx+ (x2 + z2) dy + (x2 + y2) dz,

ãäå L - îêðóæíîñòü x2 + y2 + z2 = R2; z = y, ïðîáåãàåìàÿ ïðîòèâ
÷àñîâîé ñòðåëêè.

6. Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî, íàéòè ïîòîê âåêòîðíîãî ïîëÿ
a=x3i +y3j +z3k ÷åðåç ïîëíóþ ïîâåðõíîñòü êîíóñà
x2 + y2 ≤ z2; 0 < z < h. (èçíóòðè ýòîé ïîâåðõíîñòè).
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