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IIpeancaosue

JlanHoe yueOHO—MeTOANIeCKOe II0CODHe ABJIAETCS ITPOIOJIZKEHIeM JacTn I,
OJIHOMMEHHOTO TI0co6us [1], B KOTOPOM PacCMaTpPUBAIOTCS 3a1adu st (DYHK-
1nit ¢ JIByMs He3aBUCUMBIMU TlepeMeHHbiMu. ens vactu 11 — mayunTs cTy-
JIEHTOB pelaTh n30paHHble MHOTOMEPHBIE 3a/Ia9l METOJIOM Pa3/ie/IeHIs Iepe-
MeHHBIX. 13 Bcero Muoroobpasus 3a/1ad MaTeMaTHuuecKoil pu3nKu B HocoOnu
BBIJICJIEHbI TPH THIIA 3ajad: HadaJbHO-KpaeBble (CMeIaHHbIe) 3a/adu JJis
ypaBHeHNs KojiebaHuss MeMOpaHbl 1 YpaBHEHUS TEILJIONPOBOIHOCTH, a TaKKe
KpaeBble 3ajJa4n 1 ypaBuenus llyaccona, Bo3HUKaIONIE PN HAXOYKIEHUN
CTAIlMOHAPHOI TeMIepaTypbl B OJJHOPOJIHOM Teje. DTU 3aJladid pacCMaTpu-
BalOTCs B ciydasX, KOrJla NPOCTPAHCTBEHHBIC IepEMEHHbIE U3MEHSIIOTCS B
00J1aCTSIX, OTPAHTIEHHBIX OKPYKHOCTSIMI I KPYTOBBIMI TuInHIpamu. Ha
OJIHOM U3 3TAIlOB pelleHns TaKUX 3aJad MEeTOJIOM pa3jie/ieHus ITepeMeHHbIX
BozHnKaeT 3ajada Ltypma—JInysumaa aiaa ypaBuenus becces, 9To mpu-
BOJIUT K HCIOJb30BAHUIO MIIHHAPHIeCKNX (GyHKinii. OCHOBHBIE CBEJICHUSI
O MUJINHAPUYIeCKNX (PyHKIUAX n pertenud 3aja4d [Hltypma—J/Iuysumnsa misa
ypasrenust Beccesst naus B [2]. [losTomy B 9TOM 1OCOOHN TIPUBOJSITCS JIUIITD
HEOOXO/IMMbIE PE3YJIbTAaThl PEIIeHtsI, a UMEHHO, COOCTBEHHbIE YHC/Ia U COO-
cTBeHHbIe (PYHKINH cooTBeTCTBYOMUX 3a1a4 [Irypma—/InyBuiuis, ¢ ykasa-
rueM popmyit mocobust [2]. Bee paccmarpuBaemMbie B I0COOHUM MHOTOMEpHbBIE
3aJ1a49n 00J1a1al0T 0CeBOIl CUMMeTpueil 1 CBOJIATCA K oJHOMepHbIM. [1pu 1mo/i-
bope 3aJ1a4 UCHOJIb30BaCH KHurn [3]-{7].

1. IlocraHOBKa CMemIaHHBIX U KpaeBbIX 3a/Ja4

B nocobun He MpuUBOJMTCA BBIBOJ, ypaBHEHUI U TpaHnvIHbIX ycaoBuii. Co-
OTBETCTBYIOINHI MaTepuas MOKHO HailTi B |3]-[6].
e 3ajava O pacIpoCTpaHEHUH TeIlJIa.

YpaBHEHHE, OIUCHIBAIOIIEe paclpoCTpaHeHne Telljia B M30TPOITHON OJIHO-
POJIHOIT cpejie nMeeT B/

w — a*Au = M, (1.1)
cp
rie u(x,t) — TeMmuneparypa B Touke ¥ = (X1, T2, X3) B MOMEHT BpeMeHU f,
¢ — KOIPPUIMEHT TEIJIOEMKOCTH MaTepuasia, p — ILUIOTHOCTh MaTepHala,
f(x,t) — IIOTHOCTH UCTOUHUKOB TeILIa, a? = 5, k — xoadpdunment remo-
IIPOBOJIHOCTHU MaTepuasa, At = Uy, z, +Ugyz, T Ugyr, — TPEXMEDPHBII OLIEPATOD
Jlamaca.



Jljist ojiHO3HAYHOTO olpejiesierust peierust ypapuenns (1.1) B obsactu
Q C R? npu t > 0 HEOOXOAMMO 3a/aTh HAYAILHYIO TEMIIEPATypy B 00JIACTH

Q,

uli—o = up(z), =€ Q, (1.2)
1 ycJIoBHe Ha rpanuie obgactu (Q:
ou
(a— + ﬁu) =u(z,t), ©r€0Q, t>0, (1.3)
on 90

rje o u 3 — HeoTpUlaTeIbHbIE KOHCTAHTDI, OJHOBPEMEHHO He 00pallaionecst
B HYJIb.

Hawasnbro-kpaesas (cMmerannas) 3a1ada 1ist ypasuenns (1.1), 3axmmova-
eTcs B HaxozeHnn dbyukimu u(z, t), oupejesemoii B obnactu € Q, ¢ > 0,
yaoBIeTBOpsitonielt ypasHenuto (1.1) B obsactu € @, t > 0, HaYaIbHOMY
yesioBuio (1.2) u rpanngnomy yeiosuto (1.3). Ipanuna obimactu @, dbyHK-
nmun f(x,t), up(x), ui(x,t), mocrosuubie v, 3, ONPEIEIAIOTCs (DUBTIECKUME
YCJIOBUSIME 3191, 1 HA3LIBAIOTCA BXOIHBLIMU JAHHBIMU 314N,

Huzke niepeduncyinm dacTHbIe cjiydan rpaHndHoro yeiaosus (1.3), copmy-
JINPOBAB TPOUCXOASIINN PUNIECKHIT TTPOIECC:

1) ma rpanuie obaacTu () MOJJIEPKUBACTCS 3aJaHHAS TeMIIEPaTypa:

ulag = wi(z,t), ©€0Q, t>0; (1.4)

2) depe3 rpanuily obaacTu () mMOIAETCs TEIIOBOIl TTOTOK ILJIOTHOCTH ¢:

2

= ; 1.
S| =), v Q. t>0 (15)

oQ

3) rpamuiia obsacTu () TEIION30/MPOBAHA, T.€. TeILJIOBOi TTIOTOK Yepes rpa-
HUILY paBeH HYJIIO:

ou

— =0, t>0; 1.6
on ’ ’ (1.6)

oQ

4) na rpaauie 0 TPOUCXOANT TEILI00OMeH 110 3akoHy HbioTOHA CO cpejioi,
HMeroITeil Temmepatypy uy(z, t):

ou

7 + H[u —w]lag =0, t >0, (1.7)

Q

rie H = g



e 3ajada 0 KoyiebaHUSAX MeMOpPaHBbI.
[TycThb B mosiozkeHnn paBHOBeCHA MeMOpaHa 3aHIMaeT 00J1acTh () TI0CKO-
et (21, T2). YpaBHEHHE, OMUCHIBAIOIIEE MOMEPETHbIE KOJTeOAHNsT OJJHOPOIHOT

Uy — a*Au = M, (1.8)

P
rje u(z,t) — OTKJIOHEeHe MeMOPAHbI OT MOJIOYKEHUST PABHOBECHS B TOUKE T =

MeMOpaHbl UMEET BH/T

(21, T9) B MOMEHT BpeMeHH ¢, p — IIOTHOCTH MaTepraJa Membpansbl, f(x,t) —
IJIOTHOCTD BHEIIHEH CUJIBI, PACHPEICJEHHON 110 miomaan MeMOpanbl, Au =
Ug,z, + Ugpyz, — AByMepHBIT oneparop Jlamnaca, a® = L.

JJ1st 0JJHO3HAYHOIO OIMCAHUS IIPOIecca KoJiebanuii MeMOpaHbl Hy?KHO 3a-
JIATh HAYAJILHOE OTKJIOHEHNE U HAYAJILHYIO CKOPOCTH TOYEK MEMOpAHLL,

uli—o = uo(x), wli—o =w(z), = €Q, (1.9)

a TakKe yCJIOBUE Ha I'paHulle MeMOpaHbl (PpAHUYIHOE YCIOBHUE):
ou
a— + Bu = us(x,t), = €0Q, t>0, (1.10)
oQ

rjae a 1 3 — HeOTPULATE/IbHDIE IOCTOAHHBIC, OJHOBPEMEHHO He 0Opallaloii-
ecst B HYJIb.

CddopmysnupyeM HadaabHO-KPAEBYIO 3ajady: HaiTu (YyHKIMIO, OIIpeie-
nénnyio B obactu ¥ € Q, t > 0, yaosiersopsioniyio ypasHennio (1.8) B
obmactu x € @, t > 0, HagasbHbIM yesoBusiM (1.9) U TpaHIIHOMY YCIOBHUIO
(1.10).

BXOJHBIME JJAHHBIME 381491 0 KOJICOaHIAX MEMOPAHDI SBJIAIOTCSA 00JIaCTD
Q C R?, bynxuun f(x,t), ug(z), ui(z), uz(x) u nocrosunsie a, (3.

[TocTostruble v 1 3 onpeiessaioTesa (bU3NIeCKUME yCI0BAAMY 3a4a9u. [1pu-
BeJIEM BO3MOKHDBIC BaPUAHTHI TAKUX YCJIOBUIL:

1) kpaii MeMOpaHbl KECTKO 3aKPEIIEH, T.e. CMEIIEHUsT TOYeK Kpash MeM-
OpaHbl paBHbBI HYJIIO:

u‘xeaQ =0, x€dQ, t>0; (1.11)

2) K Kparo MeMOpaHbl MPUIOZKeHa CUJa ¢ IIOTHOCTBIO fi(x,t):

ou fi(z,t)
e — 2o\ 7 : 1.12
71 T , £ €0Q, t>0; (1.12)



3) kpaii MeMOpaHbl CBOOOJICH, T.€. MOYKET CBOOOJIHO MEPEMEIaThCs MO Bep-
TUKAJIbHOI OOKOBOI MOBEPXHOCTU MUJINH/IPa ¢ OCHOBaHHEM OQ):

ou

— =0, t>0: 1.13
on ’ ’ (1.13)

oQ

4) kpait MeMOpaHbI yIIPYTro 3aKPeILIeH:
ou
— + Hu =0, v€0Q, t>0, (1.14)

on 90

rne H = %

Ecimn kosebannsi MeMOpaHbl ITPOUCXOJISAT B CPeEJie, OKa3bIBaIOIIEH COIPO-
THUBJIEHUE, TTPOIOPIIMOHAIBLHOE CKOPOCTH, TO ypaBHEeHNe KoJiebannii MmeMobpa-
HbI UMeeT BH/I

Uy + 2y — a’Au = , TEQ, t>0. (1.15)

f(z, 1)
p

e 3ajavya HAXOXKJIEHUS CTAIMOHAPHOI TeMIlepaTyphl.
CranmonapHoii Ha3bIBACTCS TEMIIEPATYPa, KOTOpasl He 3aBUCUT OT BpeMe-

HU, & dABJsgeTcd (PYHKIUel JUIb MPOCTPAHCTBEHHLIX MepeMennbiX. Bee-

crBue sroro ypasaenue (1.1) nmpurnmaer Buj ypasuenus [lyaccona

Ny @)

cpa?

(1.16)

st ypashenus (1.16) craBuTcs KpaeBasi 3ajiada; HAfiTu pelieHre ypaBHe-
aust (1.16) B obtactu (), yIoBIeTBOpPsitOliee Ha IpaHuiie 06JacTu () yCJI0BUIO

=uy(x), x € 0Q, (1.17)

[a(m)% + ﬁ(a:)u] o

rie a(x) u B(x) — Heorpurare/babie (DYHKIUI, OJHOBPEMEHHO He 00paIlao-
IIecst B HOJIb.

[IpuMepbl rpaHnYHbBIX YCJIOBUIL B 381846 HAXOZKICHIS CTAIMOHAPHON TeM-
mepaTypbl Te 2Ke, 9To u B HectarmonapuoM ciydae ((1.4)—(1.7)), no mpasbie
YacTU IPAHUYHBIX YCIOBUI He 3aBUCAT OT t.



2. Mertoxa pa3jejieHnus HepeMeHHbIX JJid 3a/a4 C OJHO-
POAHBIMHI ypPaBHEHUSMU W C OAHOPOJAHLIMHI I'PAHUY-
HBIMU yCJIOBUSIMI

Bamaga 2.1. Kpyrias 3akpeljiéHHas 10 Kpal MeMOpaHa pajuyca T
¢ IIeHTPOM B HadaJjie KOOPJIMHAT HaXOJUTCSI B CPEJie, COINPOTHBJIEHHE KOTO-
POIT IporopInoHaIbHO cKopocTH. Kosguiment nponoprimonajabHOCTH 2V <
2‘;—2‘1, e (11 — MepBblil MoJoKITeIbHBIH HOb pyHKI Beccest Jy(p). Hzy-
YUTH CBOOOJIHBbIE KOJIeOAHHSI MeMOpaHbI, €CJl H3BeCTHO, 4To 1pu t = (0 eé
Gopma nMeer pajiaibHbIi XapakTep (sIBIsieTcst (pyHKIel paccTOsHIsT OT
[[eHTpa), a HadabHasT CKOPOCTHb DABHA HYJIIO.

Pentenne. B 3amade Hudero He ckazaHo O BHEIIHE[ cujie, pacipeieieH-
HOIT 110 TToBepxXHOCTH MeMOpaHbl. [1o ycmoBuio 3aa4un KojiebaHnus MeEMOPaHbI
BbI3BaHbI TOJILKO HAaYabHBIM OTKJIOHEHHEM OT I0JIOZKeHus paBHoBecust. [lo-

5TOMY 3alllIIeM OJIHOPOHOE BOJTHOBOE yPABHEHUE B CPeJIe ¢ CONPOTUB/ICHACM
2 _
Ut + 20U — A (Ugy + Uyy) = 0. (2.1)

B nadanbHbIIT MOMEHT BpeMeHHN M3BecTHa (popMa MeMOpaHbl

uli=o = up(r), tme r = /% + 2, (2.2)

1 HadaJlbHad CKOPOCTDb

utli—o = 0. (2.3)

Kpome HagasibHBIX YCJIOBUIT cIeIyeT 3a/1aTh I'PaHYIHOe ycaoBue. Tak Kak
Kpail MeMOpaHbl KECTKO 3aKPEIJIEH, OTKJIOHEHNT TOYeK MeMOpaHbl Ha T'pa-
HUIIE HE TIPOUCXOIUT U I'PAHUYHOE YCJIOBUE UMEET BUJ

u|x2+y2:7% = 0. (24)

Cdopmyupyem HadaibHO—KpaeByto 3ajady. Haiitn dyakuuio u(x,y,t),
oTpeJIeIEHIy10 B 0bsacTi 22412 < 7’(2), t > 0, yJ10BJIETBOPSIOILY IO YPABHEHUIO
(2.1) B obmacru x? + y* < r3, t > 0, nauaabueiM yeaosuam (2.2), (2.3) u
IPAHUIHOMY YCJIOBUIO (2.4).

[Tpu pemtennn 3ama4d MerogoM Dyphbe nepeMeHHbIe JOIKHBI PA3IeIATHCS
KaK B OJTHOPOTHOM YPABHEHIN, TaK 1 B OJJHOPOHBIX IPAHUIHBIX YCJIOBHUAX. B
JTAHHOf 3a/1ate [epeMeHHbIe He PA3JIessIioTcsd B rpaninaHoM ycsaosun (2.4). B
STUX CJYUIAsIX, KaK IPABIIIO, UCIOIL3YIOT JIpYTHe He3aBUCHMbIe [IepeMEHHbIE,
OTpaKkalolle CHUMMETPUIO 3a1adn. ['paHnia o01acTi, B KOTOPOH pernaercs



3a1a1a (OKPYKHOCTB ), SIBJISIETCSI KOOPJANHATHOMN JINHUEH TTOJISTPHOI CHCTEMBbI
koopauuart. ITosToMmy caeraeM 3amMeny mepeMeHHbIX

T =T COS P,

Yy = rsin .

B pesysibTare moydnM HadaJbHO-KPAEBYIO 3a/1ady

10 ou 1 0%u
2 _ 2 - JR— _— | = 2
Ut SV — G [T or (T (97“) + r2 8@2} 0 (25)

U|t:0 = u()(?”), Ut‘t:O =0,

U=, = 0.

Bxosubie gannbie B (2.5) (IpaBble 4acTy ypaBHEHMUsI, HAYaJbHBIX I I'Da-
HUYHBIX YCJIOBUIT) He 3aBucAT 0T . [loaroMy pelienne 3ajiaun TakKe He
3aBHCUT OT (O,

ou
u=u(rt), — =0,
dg
YTO NPUBOJANT K YIPOIICHUIO YPABHCHUSI:
a’ o ( ou

Uy + 20Uy — —— | r=—
tt t oy

= t
e ) 0, 0<r<ry t>0, (
Uli=o = up(r), 0 <r <y, (
Utli—o =0, 0 <71 <y, (
(

Ulpep, =0, t>0.

Tak kax Touka r = 0 sgBigeTcsa ocoboil Toukoii ypasnenus (2.6), ciey-
eT noTpeboBaTh OMPAHUYEHHOCTH PEIICHUST B 9TOH TOYKE B JHOOOH MOMEHT
BPEMEHN

|u|r—o] < 00, t>0. (2.10)

st pemennst 3agaan (2.6)—(2.10) cnagaia paccMOTPUM BCIIOMOTATE b
HYTO 33J1a9y 00 OTBICKAHUE YaCTHBIX pellleHuil ypaBaenus (2.6), yI0BIeTBO-
PSTFOIINX TPAHUTHBIM yestoBuaM (2.9), (2.10), OTIMIHBIX OT HYJISI U IMEOIINX
CllelaJIbHbII BUJI

u(r,t) = R(r)T'(t). (2.11)



Buech R(r) — dyHKIus, 3aBuUCsIas TOJbKO OT repementoit r, a T(t) —
DYHKIsI, 3aBUCAIIAsT TOJBKO 0T nepementoii t. [lomcrasum (2.11) B ypaBHe-

aue (2.6):

T"(t)R(r) + 20T () R(r) = %T(t)d% (rdﬁ;y)> .

[Moneus na a*T'(t) R(r), noayunm paBeHcTBo

T”(t)—i—QVT,(t) 1 d (TdR(T)>’ (2.12)

a’T'(t) - rR(r) dr dr

KOTOPO€e JOJIZKHO BBIIOJHATLCS Ipu Beex 0 < r < 1o, t > 0. OcobeHHOCTDHIO
paBeHcTBa (2.12) sBJIsIeTCsI TO, YTO €ro JieBast YaCTh He 3aBUCUT OT 7, & TIpaBast
He 3aBUCUT OT t. Takoe BOBMOXKHO JIUIIb B CJIydae, KOrJa BbIpayKeHns JIeBOI
1 IpaBoOil HacTeil He 3aBUCAT OT 7" U T 1 PABHBI OJIHON M TON Ke MOCTOSTHHOIA.
O0603HAYNM Ty MOCTOSTHHYIO — '

T+ wT'(t) 1 d (ﬁ”“”) .Y

a’T'(t) ~ rR(r)dr

- dr

Orcio/1a BLIBOJIIM

T"(t) 4+ 20T (t) + a*AT(t) = 0, (2.13)
1

Takum o6pasom, ypasrenne (2.6) pacnagoch Ha JBa OOBIKHOBEHHBIX 1]~
bepeHIaIbHbIX YPABHEHNsI, WIN, KAK FOBOPAT, B ypasuenun (2.6) pasesn-
JIIChH TIepeMeHHBIE.

[Toscrasistst mponsseierne (2.11) B 0HOPO/HBIE TPaHUYIHBIE yCI0BHA (2.9)
1 (2.10), Oymem nmeTsb

IR(0)] < 00, R(rg) = 0. (2.15)

Bamada (2.14), (2.15) asagerca npumepom 3agaan Irypma-JInysmnaa. Te
3HAYUEHHs TTapaMeTpa A, IIPH KOTOPBIX 3a/ada MMeeT HeTPUBHAJbHBIE pe-
IEeHIs], HA3BIBAIOTCA COOCTBEHHBIME 3HAYECHUSIMU, & COOTBETCTBYIOIINE MM
HETPUBHAJIBHBIE Dellenns — coOcTBeHHbIME (byHKIUAMU. Penmurh 3a1ady
HItypma-JInyBniisg — 3Ha<MUT HAfTH BCe COOCTBEHHBIE 3HAMEHIS I COOCTBEH-
Hole pyaKImu. B jganaom mocobun pemenne 3aja4 LItypma—/InyBuiis we

10



IIPUBOJINTCH, & YKA3bIBAETCsd, TJie €ero MOYKHO HaiiTu. Buimuimem cobcTBeH-
Hble (DYHKITUN, UX HOPMBI U cOOCTBeHHBIE uncia 3agaqau [Itypma—JIuyBusis

(2.14), (2.15)([2, crp.31-33]):

2
T r
Rufr) = o (B0 ) IR = ). 216
2
Ap = <@> , n=12,...;
ro
rae 0 < gy < pg < -+ < iy < ... — TOJIOXKUTEJIbHBIE HYJIH (DYHKITHH Jo([4).

[TogcraBum cobeTBeHHbIe 3Ha4YeHUs] A\, B ypasHenue (2.13), a perenus,
COOTBETCTBYIOIINE ITUM A, 0bozHaunmM T, (t):

2

a

T'(t) + 20T (1) + <ﬂ> T,(t) =0, n=12,... (2.17)
o

Ypasuenust (2.17) gBJISIOTCS JTUHEHHBIMI OJHOPOJIHBIMU C TTOCTOSTHHBIME KO-

s dunmenTaMm, COOTBETCTBYIONINE UM XapaKTEPUCTIIECKIE yPABHEHNS TMe-

IOT BUJI

2
pi+2upn+ (a,un) =0, n=1,2,...
To

HOCKOHbe KOPpHHM XapaKTEpPUCTUYECKOI'O YpaBHEHUA — KOMIIJIEKCHO—COIIPsI-

apin

2
L ) — 12, 10 oblIee peleHne

JKEHHBIE YUCHA P, = —V & iwy, THE W, = \/ (

muddepernnaabroro ypasaerust (2.17) umeer Bug
T, (t) = e ""[C,, cos(wpt) + D, sin(w,t)].

Corutacuo opmyiie (2.11) 3anurimem gacTHbie perienns ypasaerust (2.6)

Un(r,8) = T () Ru(r) = e[,y cos(wnt) + Dy sin(wnt)]Jy (W),

To
n=12,...

B coorBercTBUI ¢ HPUHIMIIOM JIUCKPETHON CYHEepHO3UINT Psijl, COCTABJICH-
HBIiT 13 periennit ypasuenus (2.6),

— Z“n("’” t) = (2.18)

||M8

e "'[Cy, cos(wyt) + Dy, sin(w,t)]Jy (M)
To

11



TaK:Ke yJIoBJIeTBOpsieT (2.6) Nmpu yCJOBUU €ro PABHOMEDHOH CXOJUMOCTH U
BO3MOXKHOCTH IIOYIEHHOTO A epeHnnpoBats o r U t 10 BTOPOro HOPSsLJI-
Ka BKJIIOUNTETbHO. [T0CKOIBbKY KazKioe ciaraemoe psaja (2.18) yirosrerBopsi-
er rpaHnIHbIM yeaoBusaM (2.9) u (2.10), To uM ke OyJeT yI0BIETBOPSATH 1
CyMMa psijia, eCJIU Psiji CXOAUTCs paBHOMepHO 110 7 1 ¢ B obsact 0 < 1 < 1y,
t>0.

[Tombepém koadpdurmentor C,, u D,, Tak, 94T00bI PYHKIINS, IIPEICTaBIIge-
Mast (POPMAJIBHBIM PSIJIOM, YIOBJIETBOPSLIA HATATBHBIM yCIoBHsIM (2.7), (2.8).

[Tponuddepennupyem psiit (2.18) 1o t:

w(r, t) = Z{—Ve*’/t[Cn cos(wpt) + Dy, sin(wpt)]+ (2.19)
n=1
—ut . UnT
+e " w,[—C sin(wyt) + Dy, cos(wnt)] }Jo <T>
0

[Togcrasmss (2.18), (2.19) B nauanbupie yeiosug (2.7), (2.8), moaytanm pa-
BEHCTBA

n=1
S [~vCo + waDal Ty (ﬂ> =0,
n=1 "0

KOTOPBIE MPEJICTABIISIIOT CO0Oi pas3sioykeHue 3aanubix GyHkuit ug(r) u 0 B
BIJIE PSAJIOB 110 COOCTBEHHBIM (DYHKIUAM J (“ = ) k=1,2,.... B coorer-

crun ¢ Teopemoii Crexjiosa |1, crp.7|, 3akiod9aem, 9o

__ 2 [ P\ o

—vC,, +w,D, = 0.

Onpenenus u3 cucrembl (2.20) koadpdurmentst Cy,, D, 1 TOACTABUB UX B PsiJL
(2.18), maitjém perenne 3a/1a4dm:

t
R R G}
n 0

Sagaua 2.2. HajiiTn 3aK0H BbIpABHHUBAHHSI 38/IAHHOIO OCECHMMETDH -
HOro HauaJbHOro paclpeiesnenns Temieparypsl u(r,0) = r? B 6ecKoHeUHOM
MUIHHJIPE PaJHyca 1y, ODOKOBas MMOBEPXHOCTH KOTOPOTO TEILJIOU30IMPOBAHA.

12



Pemmenne. 3amnuiiem OJHOPOJHOE ypaBHEHHE TEILJIOIIPOBOAHOCTH, TaK
KaK BHYTpPH OECKOHEYHOro OUJInHAPpa HET NCTOYHUKOB TeEIlJIa.:

up — a* (Ugy + Uyy + Uzz) = 0. (2.21)

I3BecTHO Hava/IbHOE pACIpeie/ieHe TeMIIEPATY P

ulimg = 1%, THe T = /22 + 3. (2.22)

Kpowme Toro, 1o ycioBuio 3aj1aqu 00KOBask OBEPXHOCTD HIJINHIPA TEILIO-
N30JIMPOBaHa. DTO O3HAYAET, YTO TEILJIOBOIl IOTOK 4epe3 OOKOBYIO ITOBEPX-
HOCTH PaBeH HYJIIO, TO €CTh

k—| =0, (2.23)

rjae n — eJUHNYHBI BEKTOP BHEIIHeH HOpMaJil K OOKOBOI IOBEPXHOCTHU -
JIAHJIPA.

Cdopmynupyem HadabHO-KpaeByto 3aaaay. Haiitn dyuximio u(zx, v, 2, t),
onpeiesiéHuyio B obnactn 2 + y? < 7“8, —o0 < 2 < 00, t > 0, ylIoBIeTBo-
pstontyio ypasuenuto (2.21) B obiactu 22 + y* < rg, —0o < 2 < 0o, t > 0,
HAYAIbHOMY YCJIOBUIO (2.22) 1 rpaHnvIHOMY yCaoBUio (2.23).

['panura obiacT, B KOTOPOIl pemaercs 3a1a4a, ABJIAeTcsd KOO IMHATHOI
HOBEPXHOCTBIO IMIMHPUIECKOI crucTeMbl KoopuHatT. [TosroMy ucnoibsyem
[UJITHIPUIECKNAE KOOPIANHATDL:

X = T COoS P,
Yy = rsin @,
z = z.

B pesysbrare 3aMeHbl IepeMeHHbIX 3a/iada ITPeodpasyeTcs K BUILY

10 ou 1 0%u  O%u
2
Ut — a [;5 (T’E) + 58—902 + w] = 0, (224)
u|t:O - T27
ou
ol " 0.

3/1eChb yUTEeHO, YTO HOpMaJib K IIOBEPXHOCTH HMJIMHIPA HAIIPABJIEHA 110 Pany-
cy.

13



B zajaue (2.24) Bxojuble Jantbie (IpaBble YaCTH yPaBHEHUS, HATAIbHOIO
1 TPAHUIHOTO YCJIOBUIT) HE 3aBUCST OT o, z. [losTomy

ou ou
U’ U’(T7 )7 asp Y az )
n 3ajada (2.24) ymnporraercs:
a? d [ Ou
(== = t 2.2

Uy r@r(rﬁr) 0, 0<r<mry, t>0, (2.25)

Ui =12, 0 <1 <1, (2.26)

Urlyey =0, ¢ > 0. (2.27)

Touka r = 0 sBistercst 0coboit Toukoit ypasaenusi (2.25). [Tosromy mo-
OaBUM YCJIOBME OTPAHMYCHHOCTH PEHICHHsI B 9TOH TOUKE B JIIOOOH MOMEHT
BpPEMEHH

lul,—o| < 00, t>0. (2.28)

Y100B! permTh HAUYaIbHO-KpaeByio 3ajady (2.25)—(2.28), cuavania pasje-
JIUM TIepeMeHHble B ypaBHeHuu (2.25) u rpaHndHbIX yeaoBusx (2.27), (2.28).
C 3710ii 11€/IbIO MOACTaBUM [IPOU3BEICHIE

u(r,t) = R(r)T(t) (2.29)

B ypaBuenue (2.25):

T'(t)R(r) = “?T(t)dii (ﬂffh(f)) .

[onemus Ha a®T'(t) R(r), mojsyuum paBeHcTBo

T'(t) 1 d [ dR(r)
a’T(t) B TR(?“)% (T dr > ’ (2.30)

KOTOpPOE JIOJIZKHO BBIIOJIHATHCA 1Ipu Beex 0 < r < rg, t > 0.

3 pasencrsa (2.30) cieayer, uto npu (bUKCHPOBAHHOM ¢ TpaBast IacTb
1pu Beex 0 < r < ry coxpaHsieT IIOCTOsIHHOE 3HaYeHUe 1 ITPH (PUKCUPOBAHHOM
r JileBas YacThb IIPU BCEX T TaKKe COXPaHdAeT IIOCTOdHHOE 3HadeHue. Taxkum
obpaszoM,

T'(t) 1 d [ dR(r)\
a?T(t)  rR(r)dr (T dr ) =N

14



Orcio/1a BLIBOJIIM

T'(t) + a*XT(t) = 0, (2.31)
d% (rd]jlff)) + ArR(r) = 0. (2.32)

Paziesist iepeMeHHble B OTHOPO/IHBIX TPAHNIHBIX yCI0BHAX (2.27) u (2.28),
OylIeM UMETh

IR(0)] < 00, R/(ry) = 0. (2.33)

Beimmiiem cobcTBeHHBIE UmcIa W coOCTBeHHble (DyHKIMM 3aadu [TITypma—
Juysuist (2.32), (2.33)([2, crp.33-34]). s sroit 3agaun \g = 0 saBiistercst
cobcTBeHHbIM 3HadeHueM, a Ry(r) = 1 — coorBercrByoleii cOOCTBEHHOT
I

2
dbyukimeii, npuaém || Ryl = %0 [TonoxkuTeibHbIe COOCTBEHHbBIE 3HAUYEHUSI

OTIPEJIENIAIOTCS MTOJIOYKUTEILHBIMEI HYIAMEI (PYHKINN beccesns ¢ nujaekcom 1,
y 2
Ap = (—n) , Ji(pn) =0, n=1,2,..., (2.34)
o
O<pg <pg < oo <y <...

CooTtBeTrcrBytoIie coOOCTBEHHbIE (DYHKITUU U UX HOPMbI IMEIOT BH/I

R, (r) = Jo (M) : (2.35)

To
2 7”(% 2
| Ryl :EJO(N%), n=12...

[TogcraBum cobcTBeHHBIE 3HaUYeHUs A, B ypaBHenue (2.31), a perenust, co-
OTBETCTBYIOIIIE STUM A, obozuadum T, (t):

2

Ty(t) =0, T (t) + <%> T,t) =0, n=1,2,...
To

OO61me pemieHnst STUX ypaBHEHU UMEIOT BIU/I

apn

To(t) = Ao, To(t) = Age (5) 1 n =19,
Coracuo dopmyste (2.29) sanuieM JacTHbIe periennst ypaBaenus (2.25):

U()(T', Yf) = To(t)Ro(T) = Ao,

up(r,t) = T,,(t)Ru(r) = Anei(a’%n) “Jo (M) , n=1,2,...

To

15



Bysem nckare perenne 3ajaan (2.25)—(2.28) B Bujie psjia

u(r,t) = iun(r, t) = Ag+ i Ane_(a%n)ztjo <M> : (2.36)
n=0

r
n=1 0

Dyukiust (2.36) yaoBiaeTBopsieT ypaBHeHuo (2.25) mpu yCJIOBHE paBHOMEP-
HOM CXOJIMMOCTH PsIJIa U BO3SMOXKHOCTH TIOYJIEHHOTO JinbhepeHInpOBaHHs 110
r U t 70 BTOPOTO TOpsijiKa BKJIIOUNTENbHO. [[0CKOIbKY KazKjoe ciaraeMoe
psiza (2.36) yJAoBIETBOPSIET IPAHIIHBIM yeaoBusIM (2.27) u (2.28), To nm xe
OyJIeT yJIOBJIETBOPSITEL U CyMMa Psiia.

YrobObl onpeieinTh Ko huimenTsl A,,, BOCIIOIB3yeMCsl HAYATbHBIM YCJIO-
BreM (2.26). Ilogcrasias psi (2.36) B nagasbhoe yeaosue (2.26), mosydnm
PaBEHCTBO

AO+ZA Jo <W> — 2,
n=1 7o

[Ipmmvensist reopemy CrekiioBa |1, crp.7], 3akmodaem, 9To

2 [T 2
Ay = — rdr = T—O,
7"0 0 2
2 "o T
An:—/ r3J0(n)dr n=1,2,.
T(%Jg(:un) 0 o

— HMnT

Boruncium A, ¢jesaB B nnterpaJe 3aMeny & 7o~ 1 BOCIO/IL30BABIIICEH

TabsmaabM naTerpasom (|2, crp.7, dopmyna (3.11)]):

A= [ e -
! 2J?(un) i ’
9
— _ 0 2 J 3 — 48] un _
2 2 42
= Jo(py) = ——2—.
T2(un) il 24t o) 112 Jo( 1)

[TojcraBum Haitertbie kKoahdurmenTsr B psij (2.36) u 3amminem perieHne
3a/la4u:

2JO ,un

aun)zt
TO 2 HnT
u(r,t + 4r Z <W) .

16



Bagada 2.3. Haiitu cranmonapHyto remieparypy u(r, z) BHYTPEHHHX TO-
qJeK IUJIMHJIPA C PaJmycoM OCHOBaHHS T( U BBICOTOH h, ecjim Temmeparypa
HIDKHErO OCHOBAHUS 3aBHCUT TOJIBKO OT T (PACCTOSIHUSI OT OCH IHJIUHJIPA),
BepXHee OCHOBaHHE TEILJION30JIMPOBaHO, a OOKOBasi IOBEPXHOCTH ITHUJIHHIPA
CBOOOJTHO OXJIAXKJIA€TCST B BO3J[yXe HYJIEBOI TeMITepaTyPhl.

Pemenune. 3anmiiem oHOPOIHOE YpaBHEHNE TEILIONPOBOIHOCTH

wy — a? (Ugy + Uyy + Uzz) = 0.

Tak kak TeEMIIEpaTypa B K&)K,ILOfI TOYKE IUJIMH/IPa YyCTaHOBUJIACh (He Me-
HAeTCdA ¢ TeHeHUueM BpeMeHI/I)7 TO

U = 0
1 ypaBHeHue IpuHAMAaeT BUJI
Ugy + Uyy + Uz = 0. (2.37)

[TockobKy BepxHee OCHOBaHUE IIJINHIPA TEIJION30JIUPOBAHO, TO TEILIO-
BOIT TIOTOK Yepe3 BepxXHee OCHOBaHNEe paBeH HYJIIO, TO €CThb

k% =0, (2.38)
on z=h
rjie n — eJUHUYHBIA BEeKTOpP BHEIIHEel HoOpMaJd K BepXHEMY OCHOBAHUIO IU-
JIMHJIPA.

Ha 60K0Boi1 TOBepXHOCTH HUJIMHAPA IPOUCXOIUT TEILJIOOOMEH C OKPYKA0-
meit cpeoit, TemiepaTrypa KOTopoii paBHa HyJsio. B cooTBeTCTBUN ¢ 3aKOHOM
HploTona rpanndHoe ycJjioBHE TEILIOOOMEHa ¢ OKPY2Kaloleil cpejioil numeer
Bugl (1.7). Tak Kak TeMmmeparypa BHEIIHeil cpejibl paBHA HYJIIO, TO

ou

— +H =0 2.39

T=To

rje N — eJUHUYHBbIN BeKTOD BHEIIHEHl HOpMaJ/id K OOKOBOI ITOBEPXHOCTH ITH-
JIMHJIpA.

Temrieparypa HUXKHETO OCHOBAHUS 3aBUCUT TOJIBKO OT 7 (PACCTOSIHUSI OT
ocn muHIpa). COOTBETCTBYIOIEE TPAHUTHOE YCJIOBIE UMEET BHJL

Ul,—g = ug(r), r=+/22+y> (2.40)

Cdopmynupyem kpaeByto 3ajady. Haiitu dbyukimo u(x, y, 2), onpeieéH-
nyto B obsactn 22 + y? < r3, 0 < z < h, yJIOBJIETBOPAIONLYIO YPABHEHUIO
(2.37) u rpamnmaabIM yemoBusaM (2.38)—(2.40).
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ObsiacTb (UUJIMHIADP), B KOTOPOH pelraeTcst 3ajada, orpaHudeHa Koop -
HATHBIMU TOBepXHOCTsIMUI 2 = (0, 2 = h, r = 1y HUWIMHIPUIECKON CUCTEMBI
KoopJinHaT. B pe3ynbrare mepexojia K IMUJINHIPUIECKIM KOOPJANHATAM IMOJTY-
YUM KPaeBYIO 3a/lauy

10 [ Ou 1 0%u  O*u
;a(%ﬁ)+ﬁaﬁ+5§—0’ (241
ou ou
(E + HU) - = O, % - = 0, u‘zzo = UQ(T).

3/1eCch YITEHO, 9TO HOPMAaJIb K OOKOBOI ITOBEPXHOCTH IUJINH/IPA HAIIPpABJIEHA
10 pajuycy, & HopMaJib K BEpXHEMY OCHOBAHUIO HallpaBJeHa BJOJb OCU Z.

Tax Kak mpaBble 9acTH YpaBHEHUS W 'PAHUYHBIX YCJIOBUIl HEe 3aBUCAT OT
©, pellleHne 3aJlaul He 3aBUCUT OT (©,

ou

u = u(r, z),
Kpowme Toro, B ocoboit Touke ypaBHeHusi (2.42), 3aluiieM yCIOBHe OIPaHU-
gerHocTu perienns. Takum obpasoM, u(r, z) J0JIZKHA YIOBJIETBOPATH ypPaB-
HEHUIO

10 ( ou 0%u
;E(ra)+@_0,0<r<ro,0<z<h, (2.42)

U I'PaHUYIHBIM YCJIOBUAM

Uslomp =0, 0<7 <y, (2.43)
U] ,—0 = uo(r), 0<7r <r, (2.44)
(uy 4+ )y, =0, 0< 2 < b (2.15)
[u|r=o] <00, 0<2z<h. (2.46)

Kpaesyto 3amaay (2.42)—(2.46) TpebyeTcst pemuTh BHYTPU MPSIMOYTOJTh-
HIKa, N300paKEHHOro Ha puc. 2.1.

B sagaue (2.42)—(2.46) ner HadaJbHBIX yciaoBuii. B sTom ciydae BbIOH-
paercs Iapa IPAHNYHBIX YCIOBUI Ha HapasulebHbIX IPIMbBIX 38 OCHOBHDIE
rpaHndHblie yeaoBus. C apyroii mapoii rpaHUYHbBIX YCJIOBHIT IIPU PEIIeHIN Me-
TOJIOM Pa3/e/IeHUsT IePEeMEHHBIX IIOCTYIAIOT KAK ¢ HAYAJBLHBIMU YCJIOBUMI.
B jannoii 3aj1a4e ycjaoBust Ha CTOPOHAX HPAMOYTOJbHUKA ' = 0 1 1 = 1( SIB-
JISIOTCSA OJHOPOAHBIMU. 1109TOMY 3a OCHOBHBIE TPAHUYHDIE YCJIOBUSI BO3LMEM
VMEHHO UX.
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To T

Puc. 2.1. O6acth uaTerpupoBanus ypasaerus (2.42)

Pazesinm nepemennpie B ypasaennn (2.42) n rpaHUIHBIX yCI0BUAX (2.45),
(2.46). lyist 9TOrO MOJICTABUM [TPOU3BEICHUE

u(r,z) = R(r)Z(2) (2.47)

B ypasHenue (2.42) u rpanudnbie yciosus (2.45), (2.46).
B pesyibrare moJydnm

Z"(2) = MZ(z) =0, (2.48)
() e
|R(0)] < 0o, R'(rg)+ HR(ry) = 0. (2.50)

Brimuiiem cobcTBeHHBIE YHCIa 1 cOOCTBEeHHbIE (DyHKINN 3a1aqu [TITypma—
Juysust (2.49), (2.50)([2, ¢rp.34-36]). CoberBentibie Ync/ia ONpeIe/IsiOTCsT

COOTHOIIIEHUAMU
m 2
n
An:<_> 9 n:1727...’
To

rae 0 < pp < po < -+ < by < ... — IOJOXKUTEJbHbIE KODHU YPaBHEHUS
Jo()pw + Hrodo(p) = 0. Coorsercryioniue cobcrBeHHbie (DYHKIUN U UX
HOPMbI UMEIOT BU[],

Ro(r) = Jo (M) , (2.51)

To

2
n

2 H2 2
1R, |% = %0 {1 + —”)] Pun), n=1,2,...
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[TogcraBum cobcTBennble 3HaUCHHsT A, B ypaBHenue (2.48), a perenus, co-
OTBETCTBYIOIIIE STUM A, 0003HAINM Z,(2):

Z"(z) — <%>2Zn(z) 0, n=1,2,... (2.52)

OO61ue perieHnst 3TUX YPaBHEHUI 3allUilieM B BUJIE

Zn(z) = A, ch (M> + B, sh <an) ,n=12,...
0

T To

3/1ech B KadecTBe (DYHIAMEHTAJBHON cucTeMbl periennil ypaBuenus (2.52)

HCIIO/TH30BAINCH ch <T> u sh <?> [lepBas dyHKINSA yI0BIETBOPSET

YCJIOBUIO

Z'(h) =0, (2.53)
a BTOpagd — YCJIOBUIO

Z,(0) = 0. (2.54)

Yenosust (2.53), (2.54) — 9T0 0IHOPOJIHbIE YCIOBHsI, COOTBETCTBYOIINE TDa~
HUIHBIM yesoBusaM (2.43), (2.44). Ilpu rakom BbiOOpe dbyHIAMEHTATLHOMN CH-
CTEMbI peIleHNl He IIPUXO/AUTCS B JaJbHeflleM peliaTb CUCTeMbl YpaBHEHU
st kKo dunmentoB A, u B, u yupoIiars pelienne.

Banumiem JacTHbIe pernenus 3ajgadn (2.42), (2.45), (2.46), nmerormne Bu
(2.47):

un(r,2) = Zn(2) Ru(r) =
a2 ()] 4 (5).
n=12...

B coorBercTBUM ¢ IPUHIMIIOM JUCKPETHON CYHEPIO3UIME COCTABUM HOBLIC
perienns ypasHenusi (2.42), yiosierBopsitoriue yeaobusiM (2.45), (2.46):

oo

u(r, z) = ; U (1, 2) = (2.55)
5 [ (72 e ()]0 ()

n=1
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Cpeju pertiernit (2.55) BeiGepem Takoe, KOTOPOE YIOBJIETBOPSIOT YCJIOBH-
am (2.43), (2.44). pomuddepentmpyem psf (2.55) o z:

w.(r, 2) = f: ’;f—g {An sh (@) + (2.56)

r
n=1

v, (22 [ (2]
To To
[Togcramss (2.55) u (2.56) B rpannunbie yciosus (2.43) u (2.44), Oymem
MMETh
= it HnT
ZAnCh Jo | — ) = wo(r), (2.57)
- To To

S P B,y <@> — 0. (2.58)
n=1 "0

To

Orcroga o dopmystam [1, (2.4)] naiigém, aro

A, ch (“"h> - (2.59)

ro

To

241, / (AW)
= L rug(r)Jo | — | dr = ap,
T e | "

Pnp —0, n=12,...
To

[Togcrasrss kosbduruentor A, u B, B psijg (2.55), moayduM perierne
3aJ1a4N:

fn(2—h)

<, ch (T) 7 <,unr> |

Enh To
n=1 Ch( To )

3. Meton @Pypbe aJisi HEOAHOPOJAHBIX YpaBHEHUIA C O/I-
HOPOJHBIMU I'PAHMIHBIMU yCJIOBUSAMMN

u(r, z) =

Sama4ga 3.1. HccienoBarh KojiebaHus 3aKPEIJIGHHON 110 Kpalo KpPYIJIOH
MeMOpaHBbI paJiyca 1y C IIEHTPOM B HadaJjie KoopauHaTt. Kojiebanns BbI3BaHbI
BHeIIHell CUJIOH, pABHOMEDHO PACIIPEJeJIGHHOIT ¢ m10THOCTBIO () = A sinwt
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[0 IJIOMa U KoJiblia 11 < 1 < T9 (w # %, e 0 < pyp < o < -+ < Uy <
— nosoxkuTebHbIe HysH Qyukimn beccemst Jy(p)).
Peruenne. Ilo ycnosuio 3amaun Kosebamust MeMOPaHbl BLI3BAHLI BHEIII-
Heit cutoii. [losToMy 3arnminemM HEOTHOPOIHOE BOJTHOBOE ypaBHEHNE
f(r,t)

Ut — a2(um + uyy) = T, (31)

rjae p — IMOBEPXHOCTHAs IJIOTHOCTL MEMOpaHbI, ' = /2 + 42,

Asinwt, 1 <r < ro;

f(r,t) = (3.2)

0, 0<r<rimmry <r <ry.

[TockobKy 0 HagaJLHON CKOPOCTH M HAYaJbHOM OTKJIOHCHHH B 3aJiade
HUYEro He CKa3aHO, TO IMPEJIIoJIaraeTcsd, YTO OHU PaBHBI HYJIIO, T.€.

uli=o = 0, (3.3)

Ut’t:() =0,

1 Kosiebanusi MeMOpaHbl BbI3BAHbI TOJHLKO BHEITHEH CUJIOI.
Kpowme nauabHBIX YCJIOBUI CJle/lyeT 3a/1aTh TPAHITIHOE YCJIOBHE. DTO YCJI0-
BII€ JIJIs1 YKECTKO 3aKPEIIEHHOTO Kpas MeMOpaHbl UMeeT BIU/I

u|m2+y2:r3 = 0. (35)

Cdopmympyem HauabHO-KpaeByio 3ajady. Haiitu dyuxuuio u(x,y,t),
onpeieaénuyto B obactu 22+y* < 13, ¢ > 0, yJI0BIETBOPSIONLYIO YPABHEHUIO
(3.1) B obnactu 22 + y? < 13, t > 0, HauajbHBIM yeaouaM (3.3), (3.4) u
TPAHUTHOMY yCJI0BHIO (3.5).

ByjieM ncrosib30BaTh MOJIAPHYIO CUCTEMY KOODJIMHAT, TAK Kak MeMOpaHa
Kpyriaas. Bemmmmenm ypasuerne (3.1), Hadanpabie yeaosus (3.3) u (3.4), u
rpaHidHoe yesoBne (3.5) B MOJISIPHOI crcTeMe KOO [IMHAT

e [10 (00 1] g
i — 4 [rc?fr Té’r +7“28<p2 - p (3:6)
uli—o = 0, wfi—0 = 0,
Uy, = 0.

B cuty Toro, uro mpasasi 4acTh ypaBHeHus (3.6) He 3aBHCUT OT @, peliie-
HU€e 3a/la4l TaKyKe He 3aBUCUT OT (,

ou

u=u(r,t), 9
¥

0,
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1 3a/1a49a (3.6) yrporaercs:

Uyt — a;% <r%) = f(;’ t), O<r<ry t>0, (3.7)
ulmg =0, 0<1r <r, (3.8)

Utlt=o =0, 0 <1r <r, (3.9)

Upry = 0, t>0. (3.10)

s ypasaenusi (3.7) ¢ ocoboit Toukoit 7 = 0 ciaeayer 106ABUThH YCJIOBHE
OIPAHUYCHHOCTH PEIICHUs B 9TOH TOYKE B JIH000H MOMEHT BPEMEHN

|u|r—o] < 00, t>0. (3.11)

Perrenne 3a/1a4n Jij1st HEOJTHOPOIHOTO YPABHEHUSI C OJIHOPO/IHBIMU I'PAHN Y-
HBIMU YCJIOBUSAME HINETCA B BUJIE Psijla MO TOJXO/AINEH cucTemMe coOCTBEH-
HbIX QyHKIUI. UT0OBI Olpele/nTh CUCTEMY COOCTBEHHBIX (DYHKIINM, I10I-
XOJIATILYy 0 Jiuist perernst 3aja4qu (3.7)—(3.11) paccMoTpuM BCIIOMOTATe IHHY O
KPaeBYIO 3aJia9y O HaXOXKJICHUN HeTPUBUAJILHBIX PEIIeHIIT ClielnaIbHOTO BU-
bif:)

v(r,t) = R(r)T(t), (3.12)
OJIHOPOJIHOTO YPABHEHHsI, COOTBETCTBYIONIErO ypaBHeHNIO (3.7),
a9 [ Ov
————|r=]=0, 0<r< t>0 3.13
Ut r Or (rar) ’ r To, ) < )
VJIOBJIETBOPSAIONIUX IpaHnIHbIM yeaoBusim (3.10), (3.11),
V|per, =0, t >0, (3.14)
0],—0| < 00, t>0. (3.15)

[Toxcrassss (3.12) B (3.13)—(3.15), Gyaem nmern

T"(t) 4+ a*\T(t) = 0,
d (TdR(r)
dr dr
|R(0)| < o0, R(rg)=0. (3.17)

) +ArR(r) =0, (3.16)

Bagauda Hrypma—/Iuysumia (3.16), (3.17) yxke ncrnosb3oBatach Ipu perie-
nun 3a7a4un 2.1. Eé cobcTBennbie (DyHKINM, UX HOPMbBI I COOCTBEHHBIE TUCTIA
ompeessttorest hopmyramu (2.16).
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[Tosioe perenne Beromoraresbhoil 3agadn (3.13)—(3.15) we Tpebyercs
JUIST perieHnst HadaibHO-KpaeBoit 3amaan (3.7)-(3.11). B nambneitimem nc-
MOJIB3YIOTCsT TOJTBKO cobeTBennble pyukimn (2.16). [Tockonbky cobcTBeHHbIE
dbyHKINE 00pa3yoT MOJHYI OPTOrOHAJBHYIO cucTeMy, perterne u(r,t) 3a-
maqn (3.7)—(3.11) mpejcraBuM B BHJE psjIa:

= 5" Cult)Ru(r). (3.18)

Pst (3.18) ymosmerBopsier rpammdabiM yegaoBusiM (3.10), (3.11). Tloxbepém
dbyukmnu C,(t) Tak, 9To0bI PsiJi YAOBIETBOPAI ypaBHeHHO (3.7) 1 HaYAb-
HbIM yeaoBusM (3.8), (3.9).

[Togcrasus psiz (3.18) B ypaBHeHue (3.7) TOJIY IIM

f: C(t Z rR’ (1)) = () (3.19)

r p

n=1 n=1

Tak Kax beHKHI/IH R, (r) aBasercs pemenunem ypasaerus (3.16), B kKoropom

A= (“O) , TO IMEET MECTO TOXKJECTBO

~(rR)(r)) = - (@)2&(@. (3.20)

To

YuurbiBast (3.20) u ucno/ib3ysi 0603HAUYEHUE W, = ’“‘” , mpeobpasyem (3.19)
BHLILY
00 2
n b
Z Cult (‘W ) Cu(t) | Ba(r) = AGLY
To P

JlaHHOE PaBEHCTBO MOYKHO paccMaTpUBAThL KakK Pas3J/ioyKeHue 33/ [aHHoi (hyHK-
¢

un @ B psiji 0 cobcrBenHbiM yHKIMAM (2.16). Koaddunnentsr pas-

JIOYKEHUST ¢ OJTHON CTOPOHBI BbIpakatorcst depes dyukimn C(t), ¢ apyroit

onpegessitorest hopmysamu [1, (2.4)]. Tlosromy

1! f t
C"(t) + w2Ch(t HRnHQ/ L dr. (3.21)

Ucnonb3yst sipubiit Bu yuknuu f(r,t) (bopmyita (3.2)), a Takzke coOCTBEH-
HbIX GyHKuit 1 ux #HopM (hopmysibt (2.16)), 3amuimem

2A sin wt I nT
i’ 2 = - . 22
C(t) + w; Cp(t) TP /T’Jo ( o ) dr (3.22)

T1
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Boruncsinm uHTerpasi, Crosinuii B IpaBoii 4acTu JAHHOTO ypaBHEeHusl, CAe/IaB
_ par .
saMeHy z = £ 1 npuMenus Qpopmyity 12, (3.9)]:

HKnT9
T

T2 9 0
/7’]0 (M) dr = T—g zJo(z)dz =
To Hay

71 HnTy

0

_ m [ngl (:unTQ) . lel (:unTl)] .
Hon, o To

Bseném obosnadenmne

24 HnT2 HnT1
M, = J — 1 3.23
JE () pLinTo {Tz 1( T ) " 1( ro >] (3:23)

U TeperuiieM ypasaenne (3.22) B Buje

C!(t) + w>C,(t) = M, sinwt. (3.24)
[ToncraBus psiyt (3.18) B Havabuble yeaoBus (3.8), (3.9), mosydnm, 910

Cn(0) =0, (3.25)
C’(0) = 0. (3.26)

BarmmieM o6Imee pereHne O[HOPOIHONO YPABHEHHsI, COOTBETCTBYIOIIETO
ypaBrenuio (3.24):

C°(t) = By coswpt + A, sinwit. (3.27)

Yacrroe pemenne C" HEOIHOPOJAHOTO ypaBHenus (3.24) OyjeM HCKATb B
BUJIE

C(t) = D, sinwt.
[Togcrasus C)" B ypasHenue (3.24), HOJIydnM, 9TO

D, [—w? + w?]sinwt = M, sin wt.

Orcrona
M,
D, = )
w2 — w?
Taxum obpaszom,
M, sin wt
CM(t) = ————. 3.28
(r) = 2 (3.28)
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Ob1iiee perenne HeoHOPOJHOINO YpaBHEHUsl PABHO CyMMe OOIINEro penieHmns
OJIHOPOJTHOTO YPABHEHHUsI 1 9aCcTHOrO pererust (3.28):

M,, sin wt
C,(t) = By coswyt + A, sinw,t + %

n

3.29
e (3.20
Koaddunmentor A,,, B, HaxoauMm n3 HadabHbIX yeaosuii (3.25), (3.26). oj-
crapisasg dyuximio (3.29) B yciaosus (3.25), (3.26), mosyaum

B, =0, (3.30)

M., w
A, =— " , 3.31
(o =) (3:31)

YuaursiBas (3.30), (3.31), u3 (3.29) naiiném perrenne 3a1axn (3.24)(3.26):

M,
wn(Wy — w?)

Clt) =

[wy, sin wt — w sin w,t].

B coorercrun ¢ (3.18), 3amuinem Ternepb OTBET 3a,1atM:

u(r,t) = Z »

n=1

Wy sin wt — w sin wy,t]Jy (,u_nr) . (3.32)
T0

M, [
=)
31eck kKoadunnentor M, onpesensorcs dhopmystamu (3.23).

Bamernm, 9To perierne (3.32) MOXKHO MPEJCTABUTH B BUJIE CYMMbI JBYX
paoB. O6e npejcrapieHibe psaamu GyHKINN YI0BJIETBOPAIOT OJHOPOIHLIM
rpaHiaHbiM yesoBusiM (3.10), (3.11), HO pa3JIMYIHBIM yPaBHEHUSIM: [IEpBasi —
HEOJIHOPO/IHOMY ypaBHeHHo (3.7), a Bropasi — COOTBETCTBYIONIEMY OJJHOPO/I-
HOMY ypaBHeHuio. Tak Kak 1epsasd (PYHKIMS UMeeT ClIelUaIbHbIH B/

uq(r,t) = g(r) sinwt, (3.33)

TO CyMMY TIEPBOTO PsiJia, 4JIEHBI KOTOPOTO 3aBUCST TOJIBLKO OT T, MOYKHO HAfiTH
B SIBHOM BH/JIE.

[Togcrasus dbyukruio (3.33) B ypasHenue (3.7) u B rpaHUYIHbBIC YCJIOBUS
(3.10), (3.11), moutytmmM, uTo g(r) — peleHne KpaeBoil 3a/atdu

%d% (Tdil(f)) n <g>2g(7’) = —C% (r), 0<7r <7 (3.34)
19(0)] < o0; (3.35)
g(ro) = 0. (3.36)
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Bech uepes (1) obo3HaveHa XapakTepucTuieckas GyHKIIA OTPe3Ka [y, 1],
T.e. QYHKIINA, PABHAS €JINHUIE Ha OTPE3KE [1'1, o], U paBHAs HYJIIO BHE 9TOTO
oTpeska. ubIME cioBaMu, TipaBasi 9acTh ypaBHeHus (3.34) 3a1aéTest pa3Hbl-
MU BbIDayKEHUSIMU Ha pasHbIX ydacTkax uarepsasa (0,7).

Ob11ee pelienne o0JHOPOJHOIO YPABHEHMsI, COOTBETCTBYIOLIEr0 YPABHEHUIO
(3.34), MokHO 3anmucarh B Buje KoMOuHarmn gyt Beccens n Heitmana
12, (4.2)]. Pertere mneomtopoitoro ypastaenust (3.34) Oy/1eM HCKaTh METOIOM
BApUAIII [IPOU3BOJILHBIX IIOCTOSTHHBIX

g(r) = Ci(r )Jo( )+02( )N (%) (3.37)

Haiiném mpomsBoanyio:

g(r) = Cir) o (55) + CarNo (=) + (3.38)

a

) =
o (G0 () + i (7))

Bribepem dbyuxnnn C(r) u Co(r) Tax, 91005l

! (r) Ty (“”) + CL(r)N, (%) —0. (3.39)

10=2 (@0 () rem ().

Beraucsinm Bropyto npoussoanyto g’ (r) u nogcrasum ¢'(r) u ¢ (r) B ypas-
werre (3.34). Iockosbky Jy (W) n Ny ( ) YJIOBJIETBOPSIFOT OJHOPOIHOMY

Torna

yPaBHEHNIO, TO
wr wr A

SR () + AN () = —ox). 34

Oyuxrmn C(r) u C)(r) onpenensiores u3 cucremst (3.39), (3.41). Onpe-

JIJINTE/Ib CUCTEeMbI COBIAJIACT € OIpelesnTe/eM Bponckoro jjia ¢yHkiumii
Beccenst u Heitmana [3, crp. 255,

a=w(n (%)% () =

3 cucremsr ypasuenuii (3.39), (3.41) o dopmynam Kpamepa naitgém

Ci(r) = Z;; X (r)No (%) (3.42)
Cy(r) = —;T;n;i x(r)Jo (%) (3.43)



Cdopmyiupyem kpaesbie yeaous st byukiuitCy(r) u Cy(r). U3 yenoBus
orpaaundennoctr (3.35) misg dbyuknun (3.37) ciemyer, 9To

C5(0) =0, (3.44)

Tak Kak pynkimsa Ny (“”") nMeeT B Touke 7 = 0 JorapudmMuieckyio ocodeH-
HOCTD |2, (4.13)]. Ioacrasmas (3.37) B rpanuanoe yesosue (3.36), momyamm

C1(ro) o (“’ao) + Co(ro) Ny ( ;"0) —0. (3.45)

Orcrona

Calro o (42
7 (&)

a

Ci(ro) = — (3.46)

Nurerpupys (3.43) no npomexytky [0, 7], ¢ yuérom (3.44) Oyjem umernb

_ 2a2 / x( ( )dg (3.47)

[Toncrassist B unaTerpast (3.47) xapakrepucTideckyio GyHKImo Y (&) 1 mosb-

SYHijBOﬁCTBOMﬁaﬂﬂHTHBHOCTH‘HHTeraHa,HOﬂquM

0, 0<r <y

/ﬁx )Jo (“’5> de = J1 ey () dg, m < v <y (3.48)
Jred () de, ra<r <y,

B unrerpanax (3.48) ciemaem 3ameny z = ££, npumennm dopwmyiy [2, (3.9)]
1 BBEeJIEM 0003HAUEHIE

[ (o) o= £ () ()] <o

B pesynibrate moydnm

0, O <r<nrg;

Csy(r) = 2awp [rJi () — i (22)], r < v <y (3.49)

TA
2awp

a, 79 <1 <71y

s (3.49) criemyer, ato

Co(rg) = — . (3.50)
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[Tosromy, B coorBercTBum ¢ (3.46),
T ANy (22)
2awpy (‘"0) '

YuauteiBas (3.51), npounrterpupyem (3.42) o mpoMeRyTKYy |1, 7o)

w& TAaNy (42)
/fx No( >d£ Sawpdy (2) (3.52)

Ci(ro) = (3.51)

01(7“) =

2a2

Nurerpas B (3.52) Bbranciisiercst anajgornauo uarerpaiy (3.48). B pesysbrare
MIOJTY UM

o JlPedy () de, 0<r <y

w
/§X(§)No (f) A€ =S [ EJy (L) dE, i <7 <79 (3.53)
" 0, 7o <1r <.

Dopmyta |2, (3.9)] cupasegmuBa 1 110007 TUANHAPIIECKON QYHKITII.
ObozHaumm

e (2€) e = o, (22) i (22)] 5

Torma mocsie Bbrancaerns narerpaysos B (3.53) u nogcranoskn nx B (3.52)
Hali1eM

4 wr
A No(*32)
27;wp /8—1_@1]0(“);0)) O<?"<’I“1,
Cy(r) = ¢ =4 Ny (222) + 7Ny (2 No(*3°) < .
! oy | —T2N1L (52) + Ny (%) TOg(Ey ) ST ST
WAaNO(%)
\ 2apro(%)7 rpSTS "o

(3.54)

Ocrasocs nojcrasuth dyuximn (3.49), (3.54) B (3.37). B pesyibrare moy-
UM

2awp< 0+« ((“:0))) Jo (%T), 0<r<rg
(9 10203

2awp

(3.55)
+T’1J1( Tl)Ng(%T’) _ 2a , 71 <1 <719

wrq w
o (NO( - ng(ﬂ) — Ny (ﬂ)> , T2 <1 < 1.

2awp
\




[Ipu srom ucnosb3oBaach ussectHast popmyiia |8, crp. 983|

2
Ni(z)Jo(x) — Ji(z)No(z) = -
Pemenne (3.32) nepenniiem B Bujie
= M,, sinw,t T
u(r,t) = g(r)sinwt — wz ol — w2)J0 (7“_()) .

Samaua 3.2. PaccmoTpum 3ajiaqy 3.1 B cJIydae, Korjla 4acrora w BHEI-

Hell cHJIBI COBIAJAET C OJHOH M3 COOCTBEHHBIX 9acTOT Kojebanmii. st orpe-
afiy,
To .

Pemnienne. Pemenne nannoit 3a1a4m MOXKeT ObITH IOJIYUEHO 13 (DOPMYJIbI
(3.32). st sToro (3.32) meperuiiem, H3MEHHB TIEPEMEHHYIO CYMMIDOBAHUST

Ha k ¥ BBIIEJIUB cjlaracMoe ¢ MHIIEKCOM k = n:

JICJICHHOCTH, IIYCTh W = Wy, =

Wy sin wt — w sin wy,t]Jy <M) + (3.56)

- wp(w? — wQ)[ To

+i M [wi sin wt — w sin wyt]J Hil
o k wtldo\ - )

Pemenne 3amaun 3.2 naxoaurcs u3 (3.56) mpeesibHbIM epexoIoM pu w —
Wy,. BBIUmcInM mpejies mepBoro cjiaraeMoro npu w — wy, 1o npasuiy Jlomu-
Tasd. B pesysnbrare moyanm

M.
lim “ [wy, sin wt — wsin wy,t]Jy Bl
wow, Wy (W2 — w?) 0

M, Pl o tw,, coswt — sinw,t
—J lim

Wn ro ) w—own —2w

M, (sinw,t HnT
= —tcoswyt | Jy .
2wy, W, ro

Bropoe ciaraemoe (3.56) siisiercst yHKIHell, HEMPEPBIBHO MIPU W = Wy,
T.K. PSAJT CXOJUTCsT PABHOMEPHO TI0 w TIPH |w — wy| < g, riae 6 = min{wy, 1 —
W, Wy —Wp—1}. OTCIONA IOy YaeM, 4To pelienne 3a/1a491 B CIydae pe3oHanca

M ' t
1) = — (smwn — tcoswnt) Jo <M> +
2wy, W, ro

u(r
o0
M, . . HET
+ Z o —o?) [wi sin wy,t — wy, sin wyt]Jy (7“_0) .

nMeeT BUJL

30



Baga4a 3.3. B nquinnjpe ¢ pajgnycoM OCHOBaHHUsI T U BbICOTOH h mpouc-
XOJUT TEILJIOBbIJIEJICHIE C IIOCTOSIHHOM 11J10THOCTRIO (). HajiTu crarmoHapHyo
remuepatypy u(r, z), ecjim Ha BEpXHEM OCHOBAHHH MPOUCXOJHUT TEILIOOOMEH ¢
OKDY2>KaoIIel cpeJIoi HYJIeBOH TeMIIepPaTypPbl, HUXKHee OCHOBAHUE TTOJIJICPKU-
BaeTcst IIpH 1I0CTOSIHHOIT Temmeparype 1, a 60KoBasi I0OBEPXHOCTD ITHIMHIPA,
He IIPOITYyCKaeT TeIlIA.

Pemmenune. 3ammuinem HeOIHOPOLHOE YpaBHEHNE TEILIONPOBOIHOCTH

2 Q

ut —a (uxac + Uqypyy + uzz) =

cp

e ¢ — K03 UIMEHT TEIJIOEMKOCTH MaTepra/a IIINHIPA, & P — IJIOTHOCTh
MaTepuaJa IAJINHJIpA.

Tak Kak Temieparypa B KazKJ0il TOUKe MUJINHIpA YCTAHOBUIACH (HE Me-

HdeTcd ¢ TedeHueM BpeMeHI/I)7 TO
U = 0

1 ypaBHCEHUE ITPUHUMACT BUJI

Ugy + Uy + Uy = ——. (3.57)
cpa
[Tosb3ysach yCaOBUSIMU 3aJiaud, 3alldilieM IpaHudHble YCJIOBUS: Ha BepX-
HEeM OCHOBAHUU

0
)| =0 (3.58)
on z=h

Ha HHU>KHEM OCHOBaHHNU
U|Z:0 — TO; (359)

Ha OOKOBOII ITOBEPXHOCTH ITUJIMHIPA,

ou
kol =0 (3.60)

T=To

rjie N — eJUHIYHBI BEKTOp BHEIIHel HOpMAaJIl COOTBETCTBEHHO K BEPXHEMY
OCHOBAHNIO 1 K ODOKOBOI IOBEPXHOCTH IMJINH/IPA.
[Tocie mepexona K MUJINHIPUIECKON CHCTEME KOOPAMHAT IOJIYINM YPaB-
HEHIe
10 ou 1 0%u  0O%u Q

Sl (e T T . 2 3.61
ror T@r r20p? 022 cpa?’ (3.61)
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1 Kpa€Bbl€ YCJIOBUA

ou
+ Hu
0z
[Tockonmbky 3agada ob/1ajiaeT 0CeBON CHUMMeTpUell, pelleHne He 3aBUCHT

oT @,

ou
0, ul.g =T, 2% =o.
- ’ U| 0— 40 87’

T=To

[Tosromy ypasHenue (3.61) ymporaercs, 1 KpaeBast 3a/iada IPUHIMAET B/

10 (0 0*
__<7~_u>+—u:—i O<r<ry 0<z<h,

3.62
ror \  Or 022 cpa?’

(3.62)

[u, + Hul|.—, =0, 0<7r <, (3.63)

U|Z:0:T0, OSTSTQ, <3 64)

Urlper =0, 0< 2 <h, (3.65)

[u|r=o] <00, 0<2z<h. (3.66)

31ech yuTeno, 4ro Touka r = 0 gBisercsa 0coboil TOYKOIl ypaBHEHH:

(3.62).

Kpaesyio 3aaay (3.62)—(3.66) TpebyeTcst peruTh BHYTPH PSIMOYTOJIbHH-
Ka, 1300pazkénHoro Ha puc. 2.1. B 3aja4de ecTh napa o HOPOHBIX I'PAHNIHBIX
YCJIOBHIT Ha Mapasiie/IbHBIX CTOPOHAX MPSIMOYTOIbHUKA 7" = 0 u 1 = 7(¢. DTN
IpaHUYHbIE YCJIOBHs OYIeM pacCMaTpUBaTh KAK OCHOBHBIE.

Haiijiém cucremy coOCTBEHHBIX (DYHKIINIT, KOTOPYIO OyJIeM HCII0JIb30BaTh
npu perennu kpaesoit 3amaun (3.62)—(3.66). C 91oil 1e/1bI0 pas3ieum mnepe-
MEHHBIE B COOTBETCTBYIOIIEM OJHOPOIHOM YpPaBHEHUN

10 ([ Ov 0%v
rar(T§>+@_O’O<T<r0’0<z<h’ (3.67)

1 OAHOPOJAHBIX I'PAHNYHBIX YCJIOBUAX

Uplrer, =0, 0< 2 <h,
|U|,—o| < 00, 0< 2 < h. (3.69)

IlojcraBiss
v(r,z) = R(r)Z(z) (3.70)
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B ypasuenue (3.67) u B yciosus (3.68), (3.69), mosydum

(
Z"(z) = NZ(z) =0, (3.71)
R(r

e (r o )) ArR(r) = 0; (3.72)
|R(0)| < oo, R'(ry) =0. (3.73)

CobcerBennble uncya u coocTsennble pyHKy 3aaqu [IITypma—JluyBusis
(3.72), (3.73) BeimIcanst Ha cTp.15 (bopmysnt (2.34), (2.35)).
Bynem nckars pemienne u(r, z) kpaesoii 3aaun (3.62)—(3.66) B Buje

u(r, z) = Co(2)Ro(r) + Y _ Cp(2)Ru(r). (3.74)
n=1
[TomcraBum nanublii psij B ypasaerue (3.62):
- Cn d / i
0430 | L e ) + R = - 6)
n=1

Mcrnonb3yst TOXK1eCTBO

li(rR;L(r)) = _ <@>23n(7“)

ro

nist cobersennoii dyukuuu R, (r), paserctso (3.75) mpeobpasyem K BuLy

+Z C(z ( 0) Co(2) ©

cpa?
Orciona, npumenns Teopemy CTEKI0Ba, HOJTYIUM, YTO

R,(r) = —

To

Ci(z) = @ 1 /rRo(r)dr,

cpe? [Tl

To

2
Hn Q 1
0

o

Berancimm mHTErpaJibl, CTOSIINE B TPABbIX YaCTAX MOJTYyUYEHHBIX YPaBHEHUI.
IIpexx e Beero,

To To

SR Ty MO Iy P

cpa? || Rol|* J cpa’ i J cpa?’
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Bropoit unrerpaJs nepenuiieM B BUJIE

ern(r)dr = ?ar(T)RO(T)dT,

9TO BO3MOXKHO, TIOCKOJIBKY Ro(r) = 1. Bocmosib3oBaBIimes cBoicTBOM 0pTO-
IOHAJIbHOCTH Pa3JIMIHbIX COOCTBEHHBIX (PYHKITU, 3aKJIF0YaeM, 9TO

To

/TRn(r)dr =0, n=1,2,...

0

Takum obpasom, ypasuenus na byukiun Cy(z), Cp(z), n = 1,2,...,
IPUHIMAIOT BUJ
Q
C” _
0( ) Cpa27
2
Cl(z) — <@) Co(2)=0, n=1,2,...
To
arnuieM o0Iue peleHns STX ypPaBHEHUI:
Q 5
C()(Z) = _QCpCLQZ + A() + B()Z, (376)
Cy(2) = Ay ch <an> + B, sh <,unz) , n=1,2,... (3.77)
ro To

[Togcrasus psiyt (3.74) B rpanudnbie yeaosus (3.63) u (3.64), moayaum, 90

Co(0)Ro(r) + Y _ Cu(0) Ry (r) = Tp,

oo

(Co(h) + HCo(h)) Ro(r) + Y _(Cp(h) + HCy(h) Ru(r) = 0.

Orcrona

Co(0) = Ty, Cl(h) + HCo(h) = 0; (379

C,(0) =0, CJ(h)+ HC,(h) = 0. (3.79)

13 rpanmanbix yeaosuit (3.78) u (3.79) maitném kosddumentsr Gy HKImit
(3.76) u (3.77):

Qh(2+Hh) HT,

Ay =Ty, By = QCP{L: o . A, =0, B,=0.
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C yaérom 31X KO3(PDUIUEHTOB,

Qh(2+Hh) HT,

Q 2 2cpa’?
C = — Ty, C, = 0. 3.80
() 2cpa2z + 1+ Hh Z+ 2o (2) (3-80)

[Tocsie nojcranosku (3.80) B psiyt (3.74), mosydnm perienne 3a/iadu

Qh(2+Hh) HTO

Q cpa?
u(r, z) = Cy(2) = _20pa222 + 2 pl —an - + To.

4. HeoaHopo/Hble TPaHUYHbIE YCJIOBUS

Bamaua 4.1. Perurhb 3aj1a4y 0 KOJ€OaHUSIX KPYIJIOH MEeMOPAHDBI PaIHyca
7o C IIGHTPOM B HadaJjie KOOPJUHAT, K KPAl KOTOPOI MPUIOKEHA BHEIITHSIST CH-
J1a, BBI3bIBAIOIIasl CMEII[eHne Kpast 110 3aKoHy A sin wt, w # %, n=12...,
e 0 < py < po < -+ < fy < ... — HOJOKHTEJIbHDBIC Hysd QyHKIuI Jo(p).
HauasibHOE OTK/IOHEHHE W HaYaIbHAS CKOPOCTH MEeMOPAHBI PABHBI HYJIIO.
Pemenune. Cdopmynupyem nHadabHO-KpaeByio 3ajiady. Haittn ¢pynk-
o u(x, y, t), onpejenénnyto B obnactu 2 + y* < r3, t > 0, yJI0BIeTBODSI-
IOILYI0 YPaBHEHUIO
Ugt — a2 (U + Uyy) = 0, (4.1)

B obsactu o2 + y? < r2, t > 0, HAYAJIBLHBIM YCIOBUSAM

ult:() = 07
Utli=0 = 0,
1 'PAHUTHOMY YCJIOBHIO
Ul 2y ypyz = Asinwt. (4.4)

[Tepeiis B 3a1a9€ K HOJISIPHBIM KOOPMHATAM H YITsI OCEBYIO CUMMETPUIO
3a/1a4H, MOJTyIUM HAYATHLHO—KPACBYIO 3a1ady
a’> 0 [ Ou
(ar>=0,0<r<rg,t>0, (
’Lth:():O, OSTST(L (
Utli=o =0, 0 <71 <y, (
Ulp—p, = Asinwt, t >0, (
|u|,—o] < 00, t>0. (
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3nech pobasiaeno yciosue (4.9), tak kak Touka r = 0 gpisiercs ocoboit
TOUKOM ypaBHeHus (4.5).

Creném 3amaay (4.5)—(4.9) ¢ HEOAHOPOIHBIM IPDAHIIHBIM yesioBreM (4.8)
K 3a/a49e ¢ OJJHOPOJHBIMI TPAHNIHBIME yCIoBUsAMIE. [[J1s1 9TOTO MpejcTaBum
pereHne B BIJIE

u(r,t) =v(r,t) +w(r,t),

riae dyukiws v(r,t) yaoBreTBopseT rpaHundHbiM yeiousM (4.8), (4.9), a
w(r,t) — HOBas Hem3BecTHasi GyHKINA. TaK Kak CyIecTByeT HecancienHoe
MHOKeCTBO (DYHKIHIA, YIOBJIETBOPSIONIIX TPAHUIHBIM yeaoBuaM (4.8), (4.9),
TO MOYKHO IIOJIyYUTH PA3/JIUUHbIE HPEICTABICHUS €IMHCTBEHHOIO PelIeHNUsT
sagaan (4.5)—(4.9). B nannoit 3ajade ynobHO GYHKINIO v BEIOPATH YIOBJIE-
TBOPAIOIIEH He TOJBKO MpaHnIHbIM ycaoBusaM (4.8), (4.9), HO U ypaBHEHUIO

(4.5):
a? 0 [ Ov
Vgt — 75 (?“E) = 0, (410)
V|p—p, = Asinwt, (4.11)
[U|,—0| < 0. (4.12)

Cpeu perrernii (4.10)—(4.12) Boijgennm QYHKINIO CHENUATBLHOTO BHJIA
v(r,t) = f(r)sinwt. (4.13)

[Tocse nogpcranosku (4.13) B (4.10), (4.11) mosyunmM KpaeByio 3ajady s
OOBIKHOBEHHOTO JIbPepeHInabLHOrNO yPaBHEH IS

L)+ S r = o (414
f(ro) = A, (4.15)
£ (0)] < oo (4.16)

Obrmiee pemenne ypapaerns (4.14) samnuimem Kaxk JHHEHHYIO KOMOHHAIIIO
dyukmuit Beccens n Heiimana

£(r) = Ci (gr) + Gyl (%7") |

Tax kax ¢yukiust Heitmana neorpanudena B Touke r = 0, To yeaosue (4.16)
BBINIOJTHAETCsT TOJIBKO B citydae Cy = 0. Ioacrasisst pyHKIIIO

f(r)=CiJy (gr)

36



B rpanngnoe ycjosue (4.15), Haitjaém, 1To

A
Cp = —F—.
o (zn)
Taxum obpaszoM,
. AJO (%T)
f(T) - J() (%TO) )
a
AJn (&
v(r,t) = M sin wt. (4.17)
Jo (570)

CdopmympyeM HavabHO-KpaeByio 3aiady s dyuxuuu w(r, t). Tlo-
ckoJIbKY (byHKIwN u(r, t) u v(r,t) yI0oBIETBOPSIOT OJHOPOJIHOMY YPABHEHUIO
(4.5) m ogHuM 1 TeM ke rpaHnIHbiM yeaosusam (4.8), (4.9), To

w(r,t) = u(r,t) —v(r,t)

TaK>Ke yIOBJIETBOPAET TOMY 2KE€ YpPaBHCHUIO,

a’> 0 [ Ow
Wt — — —— ’Ina

r or

HO OJHOPOIHBIM I'PaHNMYHBIM YCJIOBUAM

):O,0<r<r0,t>0, (4.18)

w|r=7‘o — Oa <419)
|wl,—o| < oc. (4.20)

YanrsiBast (4.6), (4.7) u asubtit Bun (4.17) dyuxmmm v(r, t), 3akodaeM, To

Wli=0 = ult=0 — v|t=0 = 0, (4.21)
—Aw w

wt|t:0 = ut|t:0 - "Ut|t:0 = —wJO <—7°) . (4‘22>
J(] (a?”o) a

Taxkum obpaszom, perenne 3agadn (4.5)—(4.22) cBesoCh K pEINIeHUo 3a-
maan (4.18)—(4.20) ¢ oIHOPOIHBIMI TPAHUYHBIMU YCIOBUsAME. B pesysbrare
pasjiesieHus epeMeHHbIX B ypaBhenun (4.18) u rpannvnbix ycaosusx (4.19),
(4.20) maiigém cemeiicTBO perenuii (cm. cTp.23),

wy(r,t) = (A coswyt + By sinwyt)Jy (@fr) ., n=12 ..., (4.23)
7o
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rie wy, = %

B cooTBeTCTBUE ¢ NPUHIMIOM JUCKPETHON CYHEPHO3UINE U3 DelieHuii
ypasrenus (4.18) cocTraBuMm HOBOE perrieHe

00 00 ' i
w(r,t) = wy(r,t) = A,, coswpt + B, sinw,t)J (—r) 4.24
(1) = 3 walrt) = 3¢ Mo (B2r). (a2

[Togcrasisst (4.24) B naganbhble yeaosus (4.21), (4.22), 6yaem nmvernb

Orcrona

A, =0, (4.25)
2Aw 397:]0 (%r) Jo <@r> dr
0

To

waJo (470) 73 TE (1)

Jljst BBIYHC/IEHHST HHTErpaJia BOCoyib3yeMcst (hopmyiioit [2; (3.12)]:

" Eep Jo (21) Jy <’7f—”7“> —2rJy (2r) J (%r) "
oo (o SR 105
0

B, =—

— 5 —
w? Mo
2 2
a TO 0

To -
aw,roJo (£10) J1(n)
> .

Taxum obOpaszoM,

2Aaw
_7“0(0‘12 —wp)J1(pn)
C yuérom (4.25), (4.26) zammrmmem psi (4.24)

B, = (4.26)

u pemnienue 3ajaqn (4.5)—(4.9)

B AJy (%T) , 2 Aaw A Jo (%r) Sin wyt
urt) = G ey T T 2 A
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Banaya 4.2. Ompejennre Temieparypy 6€CKOHEIHOIO KPYIJIOTO I[HIHH-
Jipa pajmuyca 1y, €CJaH ero HadajJbHas TeMIepaTypa paBHa HYJIO, a depe3
OOKOBYIO IOBEPXHOCTDH TI0JIaETCs TEIJIOBOMH TTOTOK TTOCTOSTHHOM MJIOTHOCTH (.

Pentenme. Y4urbiBas 0CeBYIO0 CUMMETPHIO 3a/1a91, COOPMYJIUPYEM €€ B
IUJINHIPUIECKON crcTeMe KOOPIMHAT:

a’ 0 ou
_ 22 = t 4.2
Uy r@r(r6r> 0, 0<r<rg, t>0, (4.27)
U|t—0 = 0, 0 <r< To, (428)
Urlymry = 3 120, (4.29)
|u|r—0| < o0, t>0 (4.30)

Yrober cBectn 3amaay (4.27)-(4.30) K 3a1a9€e ¢ OHOPOIHBIMI IPAHITHDI-
MU yCJIOBUSIMU, TpejicTaBuM QyHKIMO u(r, t) B BuIe

u(r,t) = v(r,t) +w(r,t), (4.31)

rie dbyuximst v(r,t) yaoBiaeTBOpsieT rpaHndHbM yesaosuam (4.29), (4.30), a
w(r,t) — #HoBas HemsBecTHast pyHKIus. [Ipocreiimme QyHKINT, YI0BIETBO-
pstforine rpaHnaHbiM yesoBusiM (4.29); (4.30), uMeror Bu

lr,t) = %r, (4.32)
v(r,t) = Qgrorz' (4.33)

Y106l chopMympoBaTh HAYAILHO-KPaeBylo 3a1atdy jid w(r,t), ciemyer
nojctaBuTh (4.31) B ypasuenue (4.27), nadaiabaoe ycjiosue (4.28) u rpamud-
uple yeaosus (4.29), (4.30). Beibop dynkim v(r, t) B Buge (4.32) npusenér
K YPABHEHUIO ¢ OCOOCHHOCTBIO B ITPABOM UACTHU, TOITOMY OTJIAIM IIPE/IIIO-
arerne dysximn (4.33).

Taxum obpaszom,

qr?

U(T’, t) - 2]€7“0

+ w(r, t). (4.34)

[Toncrasnsist (4.34) B ypasuenue (4.27), nadanbhoe yeaosue (4.28) u rpa-
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ananbie yeaosus (4.29), (4.30), Gyuem umeTsb

a0 [ ow 2qa’
- — =— 0<r< t>0 4.35
b r or ( 87“) kro P ’ ( )
q 9
0= — <r< 4.
w‘t—o rior ) 0 >7r=To, ( 36)
Wylyer, =0, >0, (4.37)
|w|,=o| < 00, t>0. (4.38)

Pemenue 3aaun (4.35)—(4.38) ocymecTBsieTcst 1o cxeme, MpeIoyKeHHO
B §3.. UroObl HANTH TTOXO/IAILYIO JIjisl PEllleHrs HauaIbHO—KpaeBoil 3a1adn
(4.35)—(4.38) cucremy cobCTBEHHBIX QYHKIIUI, CJICIyeT PA3/ICIUTh ePEMeH-
HbIe B COOTBETCTBYIOIIEM OJHODOJIHOM YDABHEHUN U TPAHUIHBIX YCIOBUSIX
(4.37), (4.38). Takoe pasmesenue mepeMeHHbIX TpoBejienHo Ha crp.14-15. Co-
OTBETCTBYIOIIE COOCTBEHHbIE 3HAUEHUS 1 COOCTBEHHbIE (DYHKIIUN OIIPeIeJIsi-
forcst popmyamu (2.34), (2.35).

Permterne w(r, t) HadanbHo-Kpaesoii 3agaan (4.35)—(4.38) Oymem nckarTh B
BHJIC PsJla 110 CHCTeMe COOCTBeHHBIX (byHKImit (2.35):

w(r,t) = Co(t)Ro(r) + Y _ C(t) Ra(r). (4.39)

[TomcraBuB ToT psiji B ypapaerue (4.35), Moy aumM
r)+ > Ch(t)Ry(r)— (4.40)
n=1

= Cyu(t) d 2qa’
2 ! _
a 521 p— (rR,(r)) o

YunrniBas TOXKIECTBO

——(rR,(r)) = (@> 2 Ry (r) (4.41)

rdr To

_,Un

1 HMCII0JIb3Ysl 00O3HAUYEHUE W), = , byzieM nMeTh

2qa’

4.42
k?“() ( )

Co(t)Ro(r) + Y _[Ch(t) +wrCu()Ra(r) =
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2 2
Tak kax npasylo 4acTb pasencTsa (4.42) MOKHO 3amucarh B Buje 0= =

2qa?
k’f’g
CTBEHHBIX CbYHKHI/IHX, 3aKJiro9aeM, 4TO

Ry(r), To npupasuusas B (4.42) k03hbMUIUEHTBI TPU OJNHAKOBBIX COO-

/ 2qa’ / 2

Cot) = —, C,(t) +w.Cp(t)=0, n=1,2,...
ICTQ

O61ue perieHnst STUX yPaBHEHUN UMEIOT BHU/I

B 2qa’
N kT@

[Togcrasus psiyt (4.39) B HavasbHoe yesaosue (4.36) mosydum, 9To

Co(t) t+ Ay, Co(t) = Ane ™', n=1,2,... (4.43)

2

HOR() + 3 CORr) =~
Orcrofa, B cuty dopmya [1, (2.4)], ciaeyer, aro
Co(0) = 2 4 /T’QT’dT = 2o, (4.44)
3 2krq 4k’

To

2 q 3 T

C,(0) = — Jo (2= ) dr, n=1,2,...
©) rgjngkm/r ( ) A

0

nrerpadi, crodiuii B mpaBoil yacTu, ObLT BeIYUCIeH Ha cTp.16. Takum o0-

pasoM,
2qro
Co(0) = —— 21019 (4.45)
pnkJo(pin)
U3 yenosuit (4.44), (4.45) maxoaum kosdduientsr dbynknmii (4.43):
qro 2qro
Ay=—"—, Ay =—+—F—, n=1,2,...
Ok 2k ()

Kak ciencrsue,

2ga”,  qro 2qr0

Co(t) = _I oy = 20 el g9
0() kTO 4k7 () M%kaUMJe n

B coorercrun ¢ hopmynamu (4.34), (4.39), oTBeT 331K 3AIKUIIETCST TaK:

u(r.t) — 2qa2t N q(2r? —r}) ~ 2gro X vt 7 LT
’ kro 4kr k — 12 Jo () ro )
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Bagada 4.3. Haiitu cramuonaphyro remieparypy u(r, z) BHYTPEHHHX
TOYEK IUIMHJIPA C PAJHYCOM OCHOBAHHSI T( U BHICOTOI h, ecjin BepxHee 0CHO-
BaHHE TEIJION30JIMPOBAHHO, Yepe3 HUXKHee OCHOBaHUE IOJAETCS TIOCTOSTHHBI
TEILJIOBOH II0TOK IIJIOTHOCTH (, 8 OGOKOBasl IIOBEPXHOCTD I[HJIMHIPA 0OMEHIBa-
ercs TeIIoM 110 3akoHy HbroToHa ¢ BHEIIHel cpeoil IOCTOSHHON TeMIiepa-

TypbI 1j.
Pentename. Crannonaphasi Temieparypa yJI0BJIeTBOPSAET YPaBHEHUIO.
Upy + Uyy + Uz = 0. (4.46)
BalnuieM IpaHIYHbIe YCI0BUsI Ha BEPXHEM OCHOBAHUML
ou
k—| =0; (4.47)
on|._,
Ha HUZKHEM OCHOBaHUI
ou
k— =q; (4.48)
on|,_,

Ha OOKOBOII ITOBEPXHOCTHU I[UJINHJIPA

P9+Hm—%ﬂ 0, (4.49)

on

roe n — erZLI/IHI/I‘-IHblf/’I BEKTOP BHEIIIHEI HOPpMaJid COOTBETCTBEHHO K BEPXHEMY

T=To

OCHOBaHUIO, K HU}KHEMY OCHOBAHUIO, 1 K OOKOBOII ITIOBEPXHOCTH IUJINHIPA.
[Tocse mepexoja K MUJINHAPUYIECKON cricTeMe KOOPNHAT ¢ yIETOM OCeBO
CUMMETPUU TIOJIYUYUM KPaeBYIO 3a/1a4y

10 ou 0%u
—-—— | r=— — =0, 0<r< 0<z<h 4.50
r Or (T&“) + 022 ’ =70 : ’ (4.50)
Uy|oen =0, 0< 71 <1y, (4.51)
o= —7, 0< 7 <70, (4.52)
[, + Hul|y=r, = HTp, 0 <2z <h, (4.53)
|u|r—o] < 00, 0<2z<h. (4.54)

3/1eCh yUITEHO, 9TO HOPMAaJIb K OOKOBOI IOBEPXHOCTH IMJIMH/IPA HAIIpABJICHA
10 pajuycy, a HOpMaJlb K BEPXHEMY ¥ HUXKHEMY OCHOBAHUSAM HallpaBJieHa
apaJsiiesibHO OCH Z.

Ypasuenue (4.50) Tpebyercsi pemuTh BHYTPU MPSMOYTOJIbHUKA, H300pa-
»kéunoro Ha puc.2.1. Cpeau rpanndanbix yesaosuit (4.51)—(4.54) Her napbt oj1-
HOPO/THBIX YCJIOBHUIT Ha MapaJsuieibHbIX npsaMbix. Ceejiém 3aaaay (4.50)—(4.54)
K 3aJla4e ¢ OJHOPOAHBIMU MPAHUIHBIMU YCJIOBUAMU 1pU 1 = 1o 1 7 = 0.
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C s10ii mesbio perenne Kpaesoit 3ajadn (4.50)—(4.54) Gyjaem nckath B
BIIE

u(r, z) =v(r,z) + w(r, 2), (4.55)

rie dyukuus v(r, z) yaoBaeTBopsier TpaHndHbIM yeaoBusiv (4.53), (4.54). B
KadecTBe Takoil dbynknnn Bo3pMéM v(r, z) = Tj. [locre mogcranosku (4.55)
B (4.50)—(4.54) nosryauM KpaeByio 3ajady HA HOBYIO HEU3BECTHYIO (DYHKITHIO
w(r, z):

10 ([ ow 0*w
—— | r— — =0, 0 0 h 4.56
rar(rar>+az2 , 0<r<ry, 0<z<h, (4.56)
wz|z:h = 07 0 <r< To, (457>
Wl = =3, 0Sr<m, (4.58)
[w, + Hw|y=r, =0, 0 <2z < h, (4.59)
|w|y—o] < 00, 0 <2< h. (4.60)

[Ipu pentennn kpaesoit 3aatn (4.56)(4.60) B KatuecTBe OCHOBHBIX I'DAHIY-
HBIX YCJIOBUIT BO3BMEM OJIHOPOJIHBIC YCJIOBHsT HA CTOPOHAX MPSIMOYTOJIbHIKA
r=0ur=nrn.

Pasiesterne nepemennbix B ypasuennn (4.56) 1 rpaHnYHbIX yeiaoBusx (4.59),
(4.60) mposejiero Ha cTp.18 tpu perennn anagornaHoi 3aa4an 2.3. OHAKO
B JIAHHO{T 3a/1a1e rpaHngHble yejaosus npu 2 = 0 u 2 = h UMeIOT JIpyroii Tuil.
[TosTOMY B COOTBETCTBUU C MPUBEIGHHBIMI Ha CTP.20 PEKOMEHIAIMSIMU OT-
HOCHUTEJIbHO BBIOOPa (PYHIaMEHTAJIbHOM CHCTEMbI pelieHuil, obIee pereHue
ypaBrenusi (2.52) sanumiieM B Buje
h)

Zo(2) = A, G oy 2
o To

Ucnob3ys yacTHble perienns ypasuerus (4.56), yI0BJIeTBOPSIOIINe TPaHIY-
HbIM yeaoBusim (4.59), (4.60),

HnT
wy(r, 2) = Zy(2)Jy (— :
To
COCTABUM HOBOE pellieHIe

fin(z — h) Hnz HnT
ch———=+B,ch— | | — | . 4.61
=3 o cma 4 (). e

7o 0
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Kospdburmenror A, u B, Haiijém u3 rpanudsabix yejaosuii (4.57), (4.58).
[Tocse mogcranosku psiia (4.61) B yemosus (4.57), (4.58) Gynem nmets

- n nh n
ZBnM_ShM Jo (,u T) =0,
- 1 o To To

_ZA :un hﬂn Jo (Nnr> :g.
To k

Orcroa, o Teopeme Crexiiosa |1, (2.4)]

qu/ITblBaﬂ HOPMBI cOOCTBeHHBIX byHKIuit (opmyitst (2.51)) u 3HaYCHIE WH-
2

Terpasa frJ <““ ) dr = ;—Ojl(,un), BBIYICJIEHHOE Ha, CTP.25, OKOHYATETbHO
n

[10JIYYUM

B 2qroJi(pn)
I 203 ) s

[Togcrasus Haitennbie Koaddurmentst B psift (4.61), 3anummenm oTBer 3aj1am

o0 n(Z*h)
2qro J1(pn) ch & o nT
u(r,2) =To — k Z 2 2,.2] T2 0 '
[k, + H?rg] Jg (p) sh 22 "0

n=1

5. 3aJaum JJisd CAMOCTOATEJIbHOII PadOThHI

3ama4a 5.1. Hajitn nonepeunbie KojebaHusi KPyIjioiH MeMOPaHbI paJii-
yea 1y, VIPYTro 3aKPEIJIEHHOH 110 Kparo, eCJH H3BECTHO, YTO B HaYaJIbHBIL
MOMEHT BpeMeHH eé (popMa UMeeT pajuaJibHblil XapaKTep, a HadabHasl CKO-
POCTH paBHA HYJTIO.

Bamaua 5.2. Onpegesnnrs TemiiepaTypy B OECKOHEUIHOM KPYIJIOM I[H-
JIMHJIpe pajmyca 1y, OOKOBas MMOBEPXHOCTH KOTOPOI'O INOJJIEPKUBAETCS TIPH
HYJIEBOI TeMIlepaType, a HadaJjbHasi TeMIlepaTypa BHYTPH IHIHHIPA DaBHA
u(r,0) = A (1 — %)

3aga4a 5.3. Haifitu cranuonapHyro TeMrepatypy B OJJHOPOJHOM ITHJIHH-
JIpe ¢ paJImycoM OCHOBAHHS Ty W BHICOTOIH h, ecyim TeMmepaTypbl HUZKHETO 1
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BepXHEero OCHOBaHUI paBHBI cooTBeTcTBeHHO T u 1y (1 — :—O), a bOKoBast 1o-
BEPXHOCTDH IUJIUH/IPa TEMJION30THPOBAHHA.

ama4da 5.4. Kpyras 3akpeljiéHHasT 110 Kparo MeMOpaHa DajHyca T
HaxoJIUTCS B Cpejle, OKa3bIBaloll[eil COIIPOTUBIEHHIE KOJIEOAHUSIM, ITPOIIOPITH-

oHaJIbHOE cMeliennio. KoadduiimenT n1ponopunoHalbHOCTH o < (ar—’;l) , oJe
[t1 — HepBBIiT HOoJoKITeIbHBIT KopeHb ypasrernust Jo(pu) = 0. Paccmorpers
KoJjiebaHusi MeMOpaHbl, BbI3BAHHbBIC ITOCTOSIHHO CHJIOH C IJIOTHOCTBHIO f.
3ama4a 5.5. Onpegenrs TemMuepaTypy OeCKOHEUHOIO CTEPIKHSI KPYIJIO-
ro cedeHusi pajiuyca 1y, BHYTPH KOTOPOI'O HMEIOTCST PABHOMEDHO pPacIpeJie-
JIEHHDIE TEILJIOBbIE HCTOYHUKH MOCTOsTHHOIH MorrtHocTH (). Ha 60K0BOIi 110BEpX-
HOCTH IUJIMHAPA TIPOUCXOJUT TEIJIOOOMEH ¢ OKpYXKalomeil cpejoii HyJeBot
TemriepaTypbl. HavaibHasi TeMmepatypa CTepKHs paBHa, HYJIIO.

3amada 5.6. HaiiTn cranmonapHyrio TeMriepaTypy BHYTPH KPYIJIOIO IH-
JIMHJIpa PAJIHyca 1o U BbICOTHI h, €CJIn B IHJIHHIPE MPOUCXOJUT TEILIOBBIJIC-
JIEHHE C IOCTOSTHHOI MJIOTHOCTBIO (), HA OOKOBOI MOBEPXHOCTH MOJ/IePXKUBa-
eTcsT HyJieBasl TeMIlepaTypa, a BepxXHee U HIKHee OCHOBaHUS He MTPOIYCKAaIOT
TeILIa.

Bamada 5.7. K kpato Kpyroii MeMOpaHbl pajiiyca 1o IPUJI0KEHA TTOIe-
pedHasi cuJjia, IPOIMOPITHOHAIbHAS Sin wt, w # %, 1€ by, — MOJOXKUTE/TbHBIE
Hysn pyrakimn Jy(p). Haiitn kosebanust MeMOpaHbI, ecjid B HAYAIbHBII MO-
MEHT BPEMEHH OTKJIOHEHHST U CKOPOCTH BCEX TOYEK MEOpPaHbl PABHBI HYJIIO.

Sama4a 5.8. Onpegesntsb reMepaTypy 6€CKOHEeIHOr0 KPYIJIOro IIHIMH-
JIpa paJiiyca ry, eCJIM €ro HadaJjibHas TeMIepaTypa paBHa HYJTI0, & Ha OOKOBOI
[TOBEPXHOCTH IOJIJICPKUBACTCsI I0CTOsTHHAsT Temiieparypa 1.

Bagada 5.9. Haiitu cramumonaphyro temieparypy u(r, z) BHYTPEHHHX
TOYEK IUJIHHJIPa C PaJIHyCOM OCHOBAHUS Ty U BHICOTOIT h, ecjin depe3 6OKOBYIO
MTOBEPXHOCTDH IHJIHHAPA MOJAETCS TEIJIOBOI MTOTOK IOCTOSHHON IJIOTHOCTH
¢, Ha BEepXHEM OCHOBAHHH IIOJIJIEP>KUBAECTCSI 1I0CTOsTHHAsT Temieparypa 1y, a
HIDKHEe OCHOBaHUE TEIJIOH30TMPOBAaHO.

OtBeThI K 3aja9aM JJiI CAMOCTOATEJIbHOI PabOTHI

o ) 22 [ r () o (2 )dr
5.1. u(r,t) = > A, coswpty (%), re A, = rg(Z%JrH?rS)J&(un) ya <

n=1
po < oo < g < ... — TOJOXKUTEJIbHbIE KOpHU ypaBrenusi J)(u)p +

H?"()Jo(,u) = 0.
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5.2. u(rt)—SAZ ())J()(“" ),meu1<u2<---<ﬂn<... —

TOJIOYKUTEIbHBIE KOpHI/I ypasuenus Jo(u) = 0.

h#nz
5.3. U(T,Z):TO< +2ZWJO(M)>>,FILGILL1<H2<
- < iy < ... — TOJOXKUTEJbHbIE KOPHI ypaBHeHI/IH Ji(pn) = 0.
_ g0 [P _2h Ve —at . _
5.4. u(r,t) = p—g (JO(@) - 0 Z Mr:]cis#nw — ) Jo F‘TO , DJIe Wy, =
%, a pup < po < o0 < Uy < ... — IIOJIOZKUTEJIbHbIE KOPDHU YpPaBHEHU:I
Jo(p) = 0. (250
5.5. u(r,t) = 46’3&2 (2rg + Hrd —r?) + 2663 z:: /j;éJ;"unﬂﬁHQ ~Jo ( ), rie
pr < pg < -+ < fyp < ... — IHOJOXKATETbHBIe KOPHN ypasHerus J))(u)p +
HroJo(p) = 0.
5.6. u(r,t) = 4(3&2( r?).
924 AaJO(%)smwt 24 O Sin w,t . .
5.7, u(r,1) = Uy S e 55 st (1) e w, = 2,
apy < pg <o < flp < ... — HOJOKHUTETbHBIE HYIU DyHKINI J1(1).
)"
5.8. u(r,t) = Ty — 2T, ; LAY (M—)

X0 ch MnZJO(anT)

2
5.9. u(r,t) = ;L(h* — 2%) + g5 (2r* — rg) — 1 21 TR ) e
g < fo < v+ < iy < ... — HOJOKUTEJbHbIE KOPHU YDPABHEHUS Jl( )=0.
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