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BBenenue
K mnacrosimieMy BpemeHH, OIMyOJMKOBAHO JOBOJBHO OOJBIIOE KOJIUYECTBO

y4€OHBIX M PAa3JIMYHBIX METOJUYECKUX MTOCOOUH, MTOCBALIEHHBIX TUCHUIITUHE Teopust
gepoamuocmell u mamemamudeckas cmamucmuxa. OnHaKo, pu paboTe HaJ HUMHU
aBTOPBI, KaK MPaBUJIO, Opajii 32 OCHOBY KOHKpPETHBIE pabouyue mporpammbl, OpHEH-
TUPOBaHHBIC HA CHEIU(UKY MOATOTOBKU CHEIUATUCTOB B KOHKPETHBIX YYEOHBIX 3a-
BeneHusx. Hacrosiee nmocobue npencrapisieT coO0M COOPHUK KOPOTKUX JICKITUN TIO
mMamemamuyeckou cmamucmuke, HallMCaHHBIA Ha 0a3e yueOHOro MaTepualia ynTae-
MOTO CTyAeHTaM MHCTUTyTa 5KOHOMUKH U IpeanpuHuMarenbeTBa Huxeropoackoro
rocynapcteeHHoro yuusepcutera H.U. JlobaueBckoro. Ilpennaraemerii yueOHbIN Ma-
TepHuaJl TIABHBIM 00pa30M pacCUUTaH Ha TaKWe HAMpPaBICHUSM MOATOTOBKU Kak Me-
Hea:kMeHT (38.03.02) u Dxonomuxka (38.03.01). Kpome Toro, o Moxer ObITh HC-
MOJIb30BAH U CHYIIATENISMH, TPOXOASIIMMU MOJATOTOBKY IO TaKOMY HalpaBICHUIO
KaKk Ynpasienue nepconanom (38.03.03), B mpoliecce u3yueHus Kypca MareMaTH-

KH.

[TocoOue paccuuTaHoO U HA CTYJEHTOB-MHOCTPAHIIEB, KOTOPHIE, KaK MOKa3bIBa-
€T OMBIT, TAIEKO HE BCErJa HACTOJIBKO XOPOIIO BIIAJICIOT PYCCKUM A3BIKOM, YTO MO-
ryT 0e3 Kakux-Iu0o 3aTPyJHEHUN MOHATH CMBICI PAa3IMYHBIX MAaTEeMAaTHYECKUX Tep-
MHHOB U BBIPAKECHUN. B Takux ciydasix, 4aCTO OKa3bIBAETCS IMOJIE3HBIM IMEPEXO0]] Ha
AHTJIMHACKOE MTPOU3HOIIEHNE U HATMCAHUE COOTBETCTBYIOIIMX MAaTEMAaTUYECKUX CIIOB

1 CJIOBOCOYCTAHUI.

Haneemcs, 4To ncnosb30BaHue NMpEACTaBIEHHOTO MaTepraia CyleCTBEHHO 00-
JIETYUT U YCKOPUT IPOLIECCHl IOHMMAHUS U 3allOMUHAHUS MATEMAaTUYECKUX TEPMHU-
HOB. CONOCTABJIEHUE AHTIIMUCKOTO U PYCCKOTO HAMMCAHUS OJHOT'O U TOTO K€ TEPMHU-
Ha TOBBICUT I'PAaMOTHOCTb MHOCTPAHHBIX CIIYIIATEJIEH B PYCCKOM S3BIKE U YCKOPHUT
IIPOLIECC OCBOEHUS.

JUI pyCCKOS3BIYHBIX CTYJEHTOB, IOCOOME OKAXKETCS MOJE3HBIM KaK C TOYKH
3pEeHUs1 OCBOCHHUS KypCa, TAK U COBEPILIEHCTBOBAHUS YPOBHS IOATOTOBKHU 110 aHTJINN-

CKOMY SI3BIKY.



Introduction
By the present time, quite a large number of textbooks and various methodo-

logical manuals dedicated to the discipline of Probability Theory and Mathematical
Statistics have been published. It is worth noting that, when working on them, the au-
thors usually used specific work programs, focused on the nature of training special-
ists in particular educational institutions. The present textbook is a compilation of
brief lectures on Mathematical statistics, based on the teaching material, presented to
the students of Nizhny Novgorod N. I. Lobachevsky State University's Institute of
Economics and Entrepreneurship. The proposed study material is mainly intended for
such specialties as Management (38.03.02) and Economics (38.03.01). Moreover, it
can also be used by students majoring in Human Resources Management

(38.03.03.03) in the process of studying the Mathematics course.

The textbook is also designed for foreign students, since experience shows that
they do not always have such a good command of Russian, which allows them to un-
derstand the meaning of various mathematical terms and expressions easily. In such
cases, the transition to English pronunciation and spelling of the corresponding ma-

thematical words and phrases is often useful.

This material will hopefully make it easier and faster to understand and re-
member mathematical terms. Comparing English and Russian spellings of the same
term will increase foreign students' literacy in Russian and accelerate the learning

process.

This textbook will be useful for Russian-speaking students, both in terms of

mastering the course and improving their English proficiency.



Paspea 1.
1.1. MaremaTn4yeckas cratuctuka. OCHOBHbIE IOHATHS U 3aJa4H.
Mamemamuueckana cmamucmuka — HayKa, 3aHUMaroIascs pa3paboTKon Ma-

TEMaTUYECKUX METOJIOB cOOpa, CUCTEMATU3AINK, 00paOOTKM W MHTEPIPETAIUN CTa-
TUCTHUYECKHUX IAHHBIX, a TAK)KE WCIOJB30BaHUS WX ISl PA3IMYHBIX HAYYHBIX WIIH
MPAKTUYECKUX BBIBOJIOB. 3HAHUE METOJOB MATEMAaTUYCCKON CTATHCTHKHA U YMCHHE
MU OTIEPUPOBATH SIBIISFOTCSI HEOOXOIUMOW MPEANOCHUTKON ISl YCIIEITHOTO 3KOHO-

MCTPHUUYCCKOI'0 aHalIn3a.

OcHosHasa 3a0aua mamemamuyeckou Cmamucmuky COCTOUT B MOJYyYEeHUU UH-
dbopmaluu 0 xapakTepe MOBEACHUS HEKOTOPOW CIy4ailHOM BEJIWYMHBI M0 OTHOCH-
TEIHHO HEOOJBIIIOMY KOJIMYECTBY €€ 3HaYEHUN — 8blOOpKe, KOTOPYIO MOITY4aroT CIIy-
yallHBIM 00pa30M W3 BCEr0 MHOXKECTBA 3HAYEHUN paccMaTpUBaEMOMN CIydailHOU Be-

JJMYHUHBI — 2€H€paﬂbH01:i COBOKYnHocmu.

HpI/IBe,ZICM OCHOBHBIC XAapPAKTCPUCTUKHW W MCTOIbI aHAJIMN3d CTATUCTHYCCKHX
JAaHHBIX, KOTOPLIC IMOJYUYUJIN IIHUPOKOC PaCIPOCTPAHCHHUC B TaKou JUCHHUIIIMHE KaK

HKOHOMETpPHKA.

1.1.1. I'eHepaJibHasi COBOKYIIHOCTH U BHIOOPKA

Kak u3BecTHO, cTaTuCTHYECKAsl yCTOMYUBOCTh PE3yJIbTATOB HAOTIOACHHUIA HMe-
€T MECTO IpPH JOCTaTOYHO OOJIBIIOM YHCIIE HMPOBOAUMBIX M3MepeHuil. OgHako, Ha
MpaKkTUKe, OOBIYHO Pa0OTAIOT JIMINL C HEOOJBIIMM YUCIOM HAOJIOACHUM, MO TOM
IPUYUHE, YTO MCCIEAOBAHNE BCE COBOKYMHOCTH OOBEKTOB BO MHOTHX CITydasix OKa-

3bIBACTCA HCBO3MOXKHBIM U HGHGJ’IGCOO6p3,3HBIM.

EcTecTBEHHO, YTO XapaKTEPUCTUKHU CIy4YailHOW BEIMYMHBI, ONpeeIeHHbIE IO OoJee
MaJIOMy YHUCIIy HaOJIOJEHUI, MOTYT HE COBNAJaTh C TEMU XK€ BEIMYMHAMH, BBIYHUC-
JICHHBIMU TI0 OoJibllieMy 4HCy (B Tpejesne — 0ECKOHEUHO OOJbIIoOMY) HaOI0ACHUH,
KOTOpBIE BBITIOJIHEHBI B TE€X K€ yCIOBUAX. [103TOMY, 7151 OIIEHKH COOTBETCTBYIOIINX
pa3ianunii, B MaTeMaTHUYE€CKON CTaTUCTUKE BBOAAT aOCTPAKTHOE MOHATHE — 2eHepalb-
Hasi COBOKYNHOCMb, TIPEICTABIAIONIAas COOOW MHOXXECTBO BCEX TEOPETHUECKH BO3-

MOYKHBIX 3HAUEHUW HCCIIENYEMOM CIIydYallHOM BEJIWYMHBI, PEATU3YEMbIX B JTaHHBIX
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YCIIOBHSIX, U 8b100pKU (T. €. BLIOOPOYHOI COBOKYITHOCTH), COCTOSIIIICH W3 OTpaHUYCH-
HOTO YMCJIa 3HaUYCHHUM (HAOII0ICHU) U TIPEICTABIIAIONIEH CO00H YacTh TeHEPAIbHOM
COBOKYITHOCTH, OTOOPAHHYIO C II€JIbI0 M3y4YeHUs. B COOTBETCTBUM C 3TUM MHPUHSTO
pasznuyaTh 8b100POUHBIE XAPAKMEPUCTUKUCTYYAUHOU BelUYUHbl, HAJCHHBIC TI0 OT-
PaHUYEHHOMY YHMCIy HaOJIOJIEHUN M 3aBHUCSIIME OT 3TOTO YKCJA, U COOTBETCTBYIO-
M€ XapaKTEPUCTUKU TEeHEPATbHON COBOKYITHOCTH, HE 3aBUCSIINE OT YHCIia HAOIO-
neHuii. BeIOOpoYHbIE XapaKTEepUCTUKH PacCMaTPUBAIOTCA KaK MPUOIMKEHHBIE OIEH-

KH COOTBCTCTBYIOHIUX I'CHCPAJIIbHBIX XaPAKTCPHUCTHUK.

OcHoBHas 3a7aya BBHIOOPOYHOTO METO/Ia B MAaTEMaTHYECKOW CTATHUCTHKE CO-
CTOUT 8 UCCIeO08AHUU CBOUCME 8bIOOPKU U 000OWEHUU dDMUX CEOUCME C HAUOOIbULEL

HAOEINHCHOCMbIO HA 6CIO CEHEPAIbHYIO CO60KYNHOCMY®.

Mo>HO yTBepXkaaTh, UTO BHIOOpKA OyAET penpe3zeHmamusHoll, T. €. IPEeICTaBUTEb-
HOM — JIOCTAaTOYHO IOJHO OTpakarolled MPOMOPLUHUM T'€HEPaTbHON COBOKYITHOCTH,
eciii 0TOOp OOBEKTOB ISl MCCIEAOBAaHUS B Mpoliecce ee PopMUpOBaHuUs OyJeT HO-

CUTbH CIIyYaNHBIN XapakTep.

1.1.2. Cnoco0nI1 npeacraBjJcHUusl CTATUCTUICCKUX NaHHBIX.

[Ipu ananmm3e Kakoro-muOO0 dKOHOMHYECKOTO mokazatens X B (UKCHpOBaH-
HbIIi MOMEHT BpeMeHH (6o 0e3 ydeTa (hakTopa BPEeMEHH) PETHUCTPUPYIOT U Tpe-
CTaBJISIOT B BUJIE PsAJia €ro HAOI01aeMble BEIOOPOYHBIC 3HAYCHHUS: X|, X2, ..., X,, KO-
TOpBIC MPUHATO HA3bIBaTh 8apuanmamu. [Ipu MpoBEeIeHUN CTATUCTUYECKOTO aHAaJIM-
3a, 9TW 3HAYCHHS OOBIYHO YITOPSIOYMBAIOT 1O BO3PACTAHHMIO WM yOBIBAHHIO, T.C.
MIPOU3BOMST paHdCUposanue BapuaHToOB psana. Jlamee, B ciaydae Ooibmoro oobema
BBIOOPKH, TIPOU3BOJIAT 2PYHNUPOBGKY BAPUAHTOB, pa30MBas WX Ha OTACIIbHBIC MHTEP-
Bajbl. [Ipy 3TOM, YKCIIa, TOKA3BIBAIOIIUE CKOJIBKO pa3 BCTPEUYAIOTCS TE WJIM WHBIC Ba-
PHAHTHI B KaXJ0M KOHKPETHOM MHTEPBAJE, Ha3bIBAIOTCS Yacmomamu, a uX OTHOIIIC-
HUE K OOIeMy 4ucCiay HAONIOACHUU — omHocumenvHbiMu uyacmomamu/. YacTOThI

IIPHUHATO CIIC HA3bIBATb 6ecamul.
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Cornacnao OIIPCACIICHULO, pﬂd eapuaHnoes ¢ coomeemcmeyrowmumu UM eecamu,
paHOfCMPOGGHHbZIZ 6 I’lOpﬂOK@ eo3pacmanusl uiu y6b1661Hu}1, Hasvleaemcs sapuayuor-

HbIM PSIOOM.

[TpunHsTO paznuyaTh JiBa BUIAa BApUALMOHHBIX PSIIOB: OUCKpemHble U HenpepbleHble.
Psin Ha3eIBaeTCs duckpemuwvim, €Ciiv TOOBIE €r0 BAPHAHTHI OTIMYAIOTCS HA IMTOCTOSH-
HYIO BEJIMUUHY, U — HeNpepuléHbIM (UHMep8anlbHbiM), €ClId BapUaHThl MOTYT OTJIH-
4aThCS OJMH OT JIPYroro Ha CKOJIb YTOJHO Malylo BeauduHy. B mpouecce usydeHus
BapUAIMOHHBIX PSIJIOB, KPOME TAKUX MOHSATUN KaK 4acTOTa U OTHOCHUTENIbHAS YacTo-
Ta, UCHOJIb3YIOTCS OHATUSL HAKONAEHHOU YACMOMbl U HAKONJIEHHOU OMHOCUMENTbHOU

K

yacmomul. HakonjeHnHas yacTora }’l;la ITOKa3bIBACT, CKOJIBKO Ha6n}0;[an005 BapHaH-

K

TOB CO 3HAYCHHEM MpU3HAKa, MeHbIIUM X . OTHOmeHHe n; ™" K oOIeMy 4YHuCITy Ha-

o Hak HAaK o o
6J'IIOI[€HI/II/I n,T.cC. Wi = l’ll- /l’l Ha3bIBACTCA HAKOIIJICHHOU OMHOCUMENbHOU YAC-

momou.

[IpeanonoxuM, 9TO0 UMEETCsl BHIOOPKA, B KOTOPON KOJWYECTBO Pa3IMIHBIX
BApHAHTOB X; paBHO k (T.e.,i= 1,2, ..., k) (k<n, roe n—o0uee uyncio HabIrOC-
Huit). [Ipu aTomx;<x,< ... <x;. Eciu kakoe-nmub0 3Ha4eHUE X; BCTPETUIIOCH B BBIOOD-

K€ n; pas3, TO 4YUCJIO n; 9TO abconromuas yacmoma 3HaAYCHUS X, 4 BSJIMYUHA W; = H; /'n

— OmMHocumebHasa yacmoma I1I0ABJICHUS 3HAYCHUS X,;. Tor):[a, Ha6J'IIOI[a€MBI€ BBIOO-

POYHLBIC 3HAYCHUA MOI'YT OBITH NpcaACTaBJICHBI B BUAC CICAYIOLICTO 6apudyyiOHHO20

paoa:
X X1, X2,... X
nl nl; nz; nk
n; n np ny
_ '
a)l - Ty T —
n n

k k
Ipu stom, >.n; =n, Y.(n;/n)=1.
C IOMOIIBIO BapHALIMOHHOTO PAId MOXKHO TAKKE IOCTPOMTH DMIMPUUECKYIO

(GYHKIMIO pacripeneseH s sl pacCMaTpUBAaEMOM CITydallHOM BETUYHHBI.

Onpedenenue:. dmnupuyeckoul (8vlbopounotl) @ynkyueu pacnpeoeneruskF,(x)

BEJIMYMHBI X HAa3bIBACTCS CTATHCTHUYECKAsh BEPOSTHOCTh (OTHOCHUTENbHAS YacTOTA)
HOSIBIICHHUST COOBITHSA, 3aKIIOYAIONIETOCsT B TOM, YTO X NMpUMET 3HA4YE€HUE, MEHBIIIE
YKa3aHHOTO X, T. €.:
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F,(x)=0o(X <x)=w""
Jlpyrumu caoBaMu, SMIUpUUecKas (GpyHKUUS pacrupenenenus F,(x), s JaH-

o HAaK HaK
HOI'0 3HAYCHHA X , IPCACTABIACT coboi HaKOIUICHHYIO 9aCTOTY Wi = l’ll- /n .

IMpumep 1. Ananusupyetcs npuosis X (%) mpeanpuaTuii HEKOTOPOU oTpac-
. O6cnenoBanbl 7 = 100 npeaqnpusTHii, JaHHBIE IO KOTOPHIM 3aHECEHBI B CIEIYIO-
AN BapUALIMOHHBIN PSIJI:

X%) 5 10 15 20 25
n; 5 20 40 25 10
n/n 0,05 02 04 025 0,1

Heo0xoaumo onpenenuTs SMIUPUIECKYI0 QYHKIHIO pacupeneneHus F,(x) u
MIOCTPOUTH €€ TpaduK.

Pewienue.
0, x<5 Fn()l()u

_____________________________________________ .ﬁ_

005, 5<x<10 080 | -resimmsmieosioen oemmes e

025, 10<x<15 | i : :

Fo(x)= 0,65 1 A :

0,65, 15<x<20 1 ' ‘ !

090, 20<x<25 gyt I S E i
1 x>25. 0,05} ====--- et : : P,
0 5 10 15 20 25 x

Kak yxxe oTmedanoch Bblle, IpU OOJBIIOM 00BEME BBHIOOPKH, €€ IJIEMEHTbI
MOTYT OBITh CTPYNIHUPOBAHBI B UHTEPBAJIbHBINA BapUallMOHHBIN psia. s sToro, n Ha-
OJt01aeMbIX 3HAYEHUU BBIOOPKH X1, X2, ..., X, Pa30MBAIOT HA k HEMEPECEKAIOIIMNXCS
WHTEPBAJIOB paBHOW mupuHbl /i (h — mar pazouenus). Cornacuo dpopmyne Crepa-
’Keca, PEKOMEHAYeMOe€  4YHMCJIO Takux HuHTepBaioB k=1+3322Ign, a
h=(x )/(1+3,3221gn), rae (X0x — Xmin ) — Pa3Max BEIOOPKH.

max — *min max

[TycTh, Hampumep, #n; — KOJIMYECTBO HAOJI0IaeMbIX 3HAUYCHUN CIy4ailHOW Be-

JMWYUHBL X, NONAJAOIIUX B [-i UHTEPBAN;, ®; =n;/n — OTHOCUTEIbHAS 4aCTOTA IIO-

najganus 3HaueHud X B i-ii uHTepBai. Torga MHTEpBaIbHBIA BapuallMOHHBINA psij Oy-
JE€T UMETh BUJL:

11
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[xio1,x) | [x0,x1) | [x1,x2) e [Xk-1, X%)

1n; ny ny . Nk

n;/n n;/n n,/n ng/n

HNHTepBanbHBIN BapUaIMOHHBIA PsII HATJISITHO MOXKET OBITH MPE/ICTABJICH B BHU-
ne eucmozpammul — rpaduka, rjie Mo ocu adCUUCC OTKIAIbIBAIOTCS MHTEPBAJbI, Ha
KaXJIOM M3 KOTOPBIX CTPOSITCS MPSIMOYTOJBHUKH C BBICOTOM M ILIOIIAJIBIO, IIPOIOP-
HAOHAIBHOM OTHOCUTEJIBHOM YacTOTE MOMAaJaHMs CIy4dyailHOM BeauunHbl X B JaH-

HBII MHTEpBal. Tak, Ha i-M MHTEPBAJIE CTPOUTCS NPSAMOYIOJIbHUK BBICOTON n;/nh .

Ha ocHoBanuu rucrorpaMmbl OOBIYHO BBIJBUTAIOT MPEANOJIOKEHUE O BHUJE 3aKOHA
pacrnpeneseHus UCCAEAYEMOU CIIy4aliHOM BEJIIMYUHBI.

Kpome rucrorpammel, 11 rpadguueckoro n300pakeHusi BApUAMOHHBIX PSIOB
YacTO UCIONB3YIOTCA NOIUCOH U KYMYAAMUBHAS KPUBASL.

[Tonmuron mpeacTaBisier coO0i TIOMaHy0 JTUHHUIO, B KOTOPOH KOHIIBI OTPE3KOB
NpSAMOM UMEIOT KOOPAUHATHI (X;,7;), i =1,2,...m. OH cIoyXUT U151 U300paXKeHUs Juc-

KpPETHOT'0 BapUALMOHHOTO Ps/a.

KymynsatuBHas kpuBasi (KyMmysisiTa) MPEACTABISIET KPUBYIO HAKOTUICHHBIX Yac-

TOT. JIJIsl AUCKPETHOTO pPsifia — JIOMaHas JUHHS, KOTOPask COAUHSCT TOUKH (X;,n; ")

wiY),i=1,2,...m. JIns MHTEpBAILHOIO PAla — JOMaHas HAUMHAETCS C TOYKH,

wn (x;,
abcuucca KOTOpOM paBHa Hayaly IEpBOrO MHTEpBala, a OpJUHATa PaBHA HAKOIUICH-
HOU 4YacTtoTe (MM HAKOIUJIEHHOM OTHOCUTEIBHOM 4YacTOTe) paBHOM HyIo. Jpyrue

TOYKH 3TOM JJOMaHOU COOTBCTCTBYIOT KOHLIaM MHTCPBAJIOB.

1.2. YucnoBble XapaKTEPUCTUKU BHIOOPKH
[TockonpKy Ha IMpaKTHKE OOBIYHO pabOTalOT ¢ BHIOOPKOM, Hac OyIyT MHTEpe-

COBaTb HMCHHO BBI6OpOLIHI>IC YUCJIIOBBIC XaPAKTCPUCTUKHU, KOTOPBIC ABJIAOTCA OLCH-
KaMH COOTBCTCTBYIOIINX I'CHCPAJIbHBIX XapPaKTCPUCTUK.

1.2.1 Cpennue BeJIMYMHBI U OKA3ATEJN BapUAIUU

[Ipexne Bcero, OTMETUM, YTO CPEIHHME BEJIWYUHBI, XapaKTepU3yrolue 3Haye-
HUS TPU3HAKA, BOKPYT KOTOPOTO KOHIICHTPUPYIOTCS HAOIIOIEHUS, IPUHITO Pa3JIH-
yaTh Ha aHaIumuieckue u nopsioKoawle.

1.2.1.1. AHaauTH4YeCKHe CPeIHUE BeJIUIUHbBI
CambIM MPOCTHIM TOKAa3aTeJeM BapUallUM SBJISIETCS Pa3HOCTb MEXKY MaKCH-

MaJIbHBIM W MHWHHMAJIbHBIM BI>I60pOLIHI>IM 3HAYCHUCM, KOTOPYIO IIPHUHATO HA3BIBATDH
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pasmaxom 6vl00pKu: R = X,y — Xpin - OZAHAKO, HANOOJBIINI UHTEPEC PEICTABIISIFOT
T€ BEJIMUYUHBI, KOTOPBIC MPEJICTABISAIOT MEPHI PACCEeSTHUST HAOIIOICHUN BOKPYT Cpe/l-
HHMX BEJIUYMH.

CornacHo OMNpeNeTCHUIO, CPeOHUM 3HAUEeHUEM OUCKPEMHOU CAVHAUHOU 8euU-
yunvl X , unu ee mamemamuyeckum odxcuoanuem M (X)), nazvieaemcs cymma npous-
6e0eHUll 6cex ee 3HAYeHUU X;Ha COOMBEeMCMmEYIowue JMUM 3HAYEeHUIM 6EPOAMHO-

cmu p; (i=1,..n)T. €.:

n
M(X) =2 x;p;
i=1
Ecnu B aT0i (hopMyJsie MON0KUTE BCE BEPOSITHOCTU p; =1/n, TO NOIYUUM 66160pOU-

Hoe cpeodnee apupmemuueckoe HaAOIIOAAEMbBIX 3HAYCHUI BHIOOPKH (331aBAa€MO B BH-
Jie HE CTPYNIUPOBAHHOTO Psijia) IS pacCMaTPUBAEMOM ClTydyaiiHOM BETUYUHBL X :

—q1m
M, (X)=xs==Y X (D
n iz
COOTBETCTBEHHO, Ul 6blOOopouHoll Oucnepcuu D, (X) u cpednexeadpamuuecko2o

OMKJIOHEHUA S 6y,HYT HMCTb MCCTO CJIICAYIOINHUC BBIPAKCHUA:

D6<X)=%§<xi )2 5= 2 -5, ®)
=1 =1

Kpome Toro, ucnonb3yercs Takas XapaKTepUCTUKA KaK cpeoHee JuHetiHoe (Ui cpeo-
Hee abCcontomHoe) OMKIOHEeHUe 8APUAYUOHHO20 PAOa.

m

d=L3x x| G)

ni-

B ToMm ciyuae, eciiu BeIOOpKa 3a4a€TCs B BUJE BAPUAITMOHHOTO P/, BRIPAKCHUS
(1)-(3) npuHUMarOT BUA:

k k
M (X)=%, ==Y nx; D,(X) =~ Y m(x; ~x,)
ni— ni—
1 & _ 1 _
s = —zn,-(x,-—xg) d:_2|xi_x|ni
n iy n iz

13
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Hcnonb3yercs Takxe 6e3pazMepHasi XapaKTepUCTUKa — Kodghgduyuenm sapuayuu:

Vo=

8

100 %.( ¥ #0)

=l |

1.2.1.2. IlopsaakoBbIe cpelHHE BEJTUYNHbBI
HawnGoiee 9acTo U3 3TUX BETUYHH UCTOJB3YIOTCS Moda U meduana. CoriacHO
olpelieNieHuto, mModa M, npedcmagnsem cobou eapuanmy, KOMopas umeem Hau-

OoLUIYIO Yacmon).

Hanpumep, nns psna

Bapuanra 1 2 3 3 5 6
X

Yacrora 2 3 6 8 25 10
n;

MO/jia paBHa J.

Meouanou M, nazvieaemcs eapuanma, NPUXoOAWASACS HA CEPEOUHY PAHICU-
POBAHHO020 ps0a HADIIOOEHULL.
MOoXHO CcKa3aTh, YTO MeIuaHa MPEJCTaBIsEeT COO0M BapHaHTy, KOTOpas JIEITUT Ba-

PHAIMOHHBIA PST HA JIBE YaCTH paBHbBIC 1O YMCIy BapuaHT. Eciau 4ucio BapuaHT
He4eTHoe, T. €. n =2k +1, (k=0,L2,...), To M, =x,,,. IIpu ueTHOM 3HaYEeHUH YuUC-

ae n,T.e,korna n=2k: M,=(x, +x.,,)/2.
Tak, nanpumep, mis psaga: 2, 3, 5, 6, 7, Menuana paBHa 5; st psaga: 2, 3, 5, 6,
7, 9 menuana paBHa (5+6)/2=35,5.

1.2.1.3 HayanbHble ¥ HEHTPAJIbHbIE MOMEHTBI
Bonee o0mumu xapakTepuCTUKaMH BapHAIMOHHOTO Psijia, 4eM cpeaHee apud-
METHYECKOE U JUCIIEPCHS, SBJISIOTCSA TAKUE XapPAKTEPUCTUKHU KaK MOMEHMbI.

Hauanvnvim momenmom nopsaoka k ciayuatinoi eenuyunvt X NpuHamo Ha3wvi-

k
gamov mamemamuyeckoe oxcuoanue eeauyunvt X, T. €.
&k
Vi = _Znixi
ni—

Llenmpanvrvim momenmom nopsaoka k cayuatinou eenuuunvl X npuHAmo Ha-

3b18amb Mamemamuyeckoe oxcuoanue eeaudunvt (X — M (X ))k , T. €.

14
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L k
k= _Zni(xi —X)
U=
Koagpgpuyuenmom acummempuu sapuayuonnoco psaoa Ha3vleaemcs 4ucio
1 2 3
- 3 Zni (xi _x)

B ToMm ciyuae ecinu Ko3pUIUMEHT aCUMMETPUU PaBEH HYJIIO, TO 3TO TOBOPUT O TOM,
YTO pacrpenesieHue nMeer cuMmmerpuunyto dopmy. Ilpu 4>0 (A4<0), cooTBercT-
BEHHO, UMEET MECTO MOJIOKUTENbHAsA (IPABOCTOPOHHSSA) UM OTpULIaTeNIbHas (J1€BO-

CTOPOHHSIS1) aCUMMETPUSI.

9KCZ4€CCOM 6apuUAYUOHHO20 pﬂda Hasvleaenics 4ucjio

=—Zn (x, —x)* -
ns*

JlaHHasg BeJMYMHA SIBISETCS IOKA3aTelIeM «KPYTOCTW» BapUallMOHHOIO psAlia M0
CpPaBHEHMIO C HOpMaJbHBIM pacnpenenenuemM. [lpu E >0 (E <0), mojuron Bapua-
IIMOHHOTO psAZla UMeeT Oojee KPyTyro (MOJIOTYI0) BEPIIMHY MO CPaBHEHHUIO C HOP-

MaJIbHON KPUBOM.

Section 1.
1.1. Mathematical statistics. Major concepts and problems.
Mathematical statistics is a science dealing with development of mathematical

methods of collection, systematization, processing and interpretation of statistical da-
ta, their use for various scientific or practical findings. Ability to operate with ma-
thematical statistics methods is a necessary prerequisite for successful econometric

analysis.

Mathematical statistics is aimed at obtaining information about a random vari-
able characteristic according to a relatively small number of its values, i.e. a sample
that is obtained randomly from the whole set of values of the considered random va-

riable, 1.e. the entire assembly.

Below are the main characteristics and methods of statistical data analysis,

which are widely used in a discipline called econometrics.

15
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1.1.1. Entire assembly and a sample

The statistical stability of observation results is known to take place at suffi-
ciently large number of conducted measurements. But in practice we usually work
only with a small number of observations, due to the fact that it is impossible and un-

reasonable to study the whole set of objects in many cases.

The characteristics of a random variable determined from a smaller number of obser-
vations may naturally not coincide with those calculated from a larger number (infi-
nitely larger in the limit) of observations made under the same conditions. For this
reason, in order to estimate the corresponding differences, mathematical statistics in-
troduces an abstract notion - the entire assembly, which is a set of all theoretically
possible values of the studied random variable materialized under given conditions,
and a sample (i.e. sampling population) consisting of a limited number of values (ob-
servations) and representing a part of the entire assembly selected for the purpose of
study. Accordingly, it is customary to distinguish sampling characteristics of a ran-
dom variable found from a limited number of observations and which depend on this
number, and corresponding characteristic of the entire assembly, which do not de-
pend on the number of observations. Sample characteristics are considered to be ap-

proximate estimates of the corresponding general characteristics.

Sampling method in mathematical statistics has the primary task of investigat-
ing the properties of a sample and generalizing these properties to the whole entire

assembly with the greatest reliability.

We can state that the sample will be representative, i.e. it will be sufficiently
reflecting the proportions of the entire assembly, if the selection of objects for study

during its formation will be of random nature.

1.1.2. Ways of presenting statistical data.

During the analysis of any economic indicator X at a fixed point in time (or
without taking into account the time aspect) its observed sample values are recorded
and presented as a series: xy, X, ..., X,, Which are usually called variants. When con-

ducting statistical analysis, these values are usually arranged in ascending or descend-
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ing order, i.e. the ranking of the variants in the series is made. Furthermore, in the
case of a large sample size, grouping of variants, by dividing them into separate in-
tervals, is made. In this case, the numbers showing how many times these or those
variants occur in each specific interval are called frequencies, and their ratio to the
total number of observations is called relative frequencies. Frequencies are also

commonly referred to as weights.

The definition calls a series of variants with their respective weights, ranked in

ascending or descending order, a variation series.

Two types of variation series: discrete and continuous are commonly used. A series is
called discrete if any of its variants differ by a constant value, and it is called conti-
nuous (interval) if variants may differ from one another by an arbitrarily small value.
While studying variation series, in addition to such concepts as frequency and relative
frequency, the concepts of cumulative frequency and cumulative relative frequency

are used. The cumulative frequency »/*“ shows how many variants with a characte-

ristic value less than x were observed. The ratio of »/* to the total number of obser-

vations n, 1.e. Wf = an “ | n is called the cumulative relative frequency.

Let us assume that there is a sample in which the number of different variants
x;is equal to £ (i.e.,i=1,2, ..., k) k <n, in which n—is the total number of obser-
vations). In this case x;<x,< ... <x;. If any value of x; occurs n;times in the sample,
then the number n;is the absolute frequency of the x; value, and @; =n, /nvalue is

the relative frequency of the x; value occurrence. Then, the observed sample values
can be represented as the following variation series:

X X1, X2,... Xk
n; ny Ny, ...Ng
n: n n n
a)l =1 _11 _2) 71{
n n n n

k k

Thereby, > .n; =n, Y (n;/n)=1.
i=1 i=1
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An empirical distribution function for the random variable in question can also
be plotted using a variation series.

Definition: The empirical (sample) distribution function F,(x) of the variable
X 1s the statistical probability (relative frequency) of the event where X acquires a
value less than the specified x, i.e:

F (x)=o(X <x)=w""
In other words, the empirical distribution function F,(x) is the cumulative fre-

HaAK __ _ HakK .
quency W~ =n,"" /n for a given value of x

Example 1. Profit X (%) of enterprises of some industry is analyzed. n = 100
enterprises are surveyed, the data on which are recorded in the following variation

series:
X, (%) 5 10 15 20 25
n 5 20 40 25 10
n/n - 0.05 02 04 025 0.1
It is necessary to determine the empirical distribution function F,(x) and plot its
graph.
Solution.
0. x<5 Fr(x) A
0.05, 5<x<I10 0/9(1) ifZ'_'_'_'_:'_T_ZZ'_ZI'_Z'.ZZT_:'_Z:ZZ'_:'_Z:’,;::"
F ()= 02% 10<x<I5 ] E i
"700.65, 15<x<20 O . A E
0.90, 20<x<25 E E :
1 x>25. 0251 - o 547 ] : i
0,05 ====--- e : : .
0 5 10 15 20 25 x

As we mentioned above, if the sample size is large, its elements can be grouped
into an interval variation series. For this purpose, n observed sample values xy, x», ...,
x, are divided into £ non-intersecting intervals of equal width » (7 is the step of divi-
sion). According to Sturges' formula, the recommended number of such intervals is
k=1+3322lgn, and h=(x )/(1+3.3221gn), in which(x

max — Xmin) 1S the sample
spread.

max xmin

Let us assume, that #; is the number of observed values of a random variable X
which fall into the i-" interval; @; = n; /n is the relative frequency of values of X fall-
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ing into the i~ interval. Then the interval variation series will have the following
form:

[xio1,x) | [x0,x 1) [x1, Xx2) oo [Xk-1, Xk)
n; n; np ny
n;/n n;/n n,/n ng/n

An interval variation series can be visualized as a histogram - a graph, where
intervals are plotted along the abscissa axis, each of which contains rectangles with
the height and area proportional to the relative frequency of a random variable x oc-
curring in a given interval. Thus, a rectangle with height n; /nh is plotted on the i-th

interval. The histogram is usually used as a basis for assuming a distribution law of
the random variable in question.

In addition to the histogram, polygon and cumulative curve are often used for
graphical representation of variation series.

A polygon is a broken line in which the ends of the line segments have coordi-
nates (x;,n;), i =1,2,...m. It serves to represent a discrete variation series.

The cumulative curve is a curve of cumulative frequencies. For a discrete se-
ries, it is a broken line that connects points (x;,n/ ) or (x,,w/™ ),i=12,..m. For an
interval series, the broken line starts with a point the abscissa of which is equal to the
beginning of the first interval, and the ordinate is equal to the cumulative frequency
(or cumulative relative frequency) equal to zero. Other points of this broken line cor-

respond to the ends of intervals.

1.2. Numerical characteristics of the sample
Since we are usually working with a sample in practice, we will be interested

in the sample numerical characteristics, which are estimates of the corresponding
general characteristics.

1.2.1 Averages and variation indicators

The first thing to note is that it is customary to distinguish between analytical
and ordinal averages, which characterize the values of the attribute over which ob-
servations are concentrated.

1.2.1.1. Analytical averages
The simplest variation indicator is the difference between the maximum and
the minimum sample value, which is usually called the sampling spread:

19
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R =X, — Xmin - However, the most interesting quantities are those that represent
measures of observation dispersion around the averages.

According to the definition, the mean value of a discrete random variable X,
or its mathematical expectation M (X)), is the sum of the products of all its values x;

by the probabilities (i =1,...n) corresponding to these values, 1.e:

n
M(X)=2.x;p;
i=1
If we put all the probabilities of p;, =1/n in this formula, we obtain the sample mean

of the observed values of the sample (given as an ungrouped series) for the random va-
riable in question X :

m

M,(X)=% =13, (1)
n i<

Accordingly, the following expressions will apply for the sampling variance D,(X)

and the standard deviation s :

Dy(X) =~ 3 (- 5,)% s =\/1§<xl- _x,)? @)

In addition, the linear mean (or average absolute) deviation of the variation series is
used as a characteristic:

m

d:_2|xi_f| (3)

ni-

If the sample is given in the form of a variation series, expressions (1)-(3) will take
the following form:

_ 1 & 1 &
Me(X):xe :_Znixia De(X):_Zni(xi_xe)z
n; nio
1 _ 1 & _
s=_ =Y m(x; —X,) d==>|x-X
ni- ni—

A dimensionless characteristic, the variation coefficient, is also used:
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V. =

8

100 %.(x#0)

=l @

1.2.1.2. Ordinal averages
Mode and median are the most commonly used values. According to the defini-
tion, mode M jis the variant that has the highest frequency.

For example, in a series

Variant 1 2 3 3 5 6
X;
Frequency 2 3 6 8 25 10
n;

the mode is 5.

The median M, is the variant falling in the middle of the ranked series of 0b-

servations.

We may say that the median is a variant which divides the variation series into two
parts equal in the number of variants. If the number of variants is odd, i.e. n = 2k +1,
(k=0,1,2,...),then M, =x;,,.1f n is even, i.e., when n = 2k : M, =(x, +x,,,)/2.

For example, in the series: 2, 3, 5, 6, 7, the median is equal to 5 ; in the series:

2,3,5,6, 7,9 the median is equal to (5+6)/2=5.5.

1.2.1.3 Initial and central moments
Moments are more general characteristics of a variation series compared to the
arithmetic mean and variance.

The initial moment of order k of a random variable X is usually called the

mathematical expectation of the value X k ie.
1 & &
Vi == 2 X
ni=1

The central moment of order k of a random variable X is usually called the
mathematical expectation of the value (X — M (X))*, i. e.

1z <k
My, :_Zni(xi —X)
ni-

The asymmetry coefficient of a variation series is the number
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A=L% x)°

! Zni(xi _x)
ns =i

If the asymmetry coefficient is zero, it means that the distribution has a symmetric
form. If 4>0 (4<0) the asymmetry is positive (right-handed) or negative (left-
handed), respectively.

The variation series excess is the number
_ 1 & )4 =3
E= 4Zni(xi_x) -
ns =1
This value is an indicator of variation series "steepness" as compared to the normal

distribution. If £ >0 (E <0), the polygon of variation series has a steeper (hollow)
peak compared to the normal curve
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Paszpnen 2.
2.1. OleHKH MapaMeTpPoOB U CBOICTBA BHIOOPOYHBIX OLIEHOK
[Ipeanonoxxum, 4TO UMEETCS TeHepalibHasi COBOKYMHOCTh IMPEACTABIISIIONIAS

co00H psii 3HAYEHUI KaKOW-TO MHTEPECYIOIIEH HAC CIy4allHOW BeIWYUHBl X C W3-
BECTHBIM 3aKOHOM paclpeesICHUs 3aBUCSIIUM OT OJJHOTO WJIM HECKOJIbKUX IapaMeT-
poB. Bo3HUKaeT 3ajaya OLIEHKM 3TUX napaMmeTpoB. IIpu 3TOM, Kakue UMEHHO Iapa-
METPbI MOJAJEKAT OLEHKE 3aBUCUT OT KOHKPETHOTO BHJA 3aKOHA paCIpe/eeHMUS.
Tak, HanpuMep, €ciau W3BECTHO, YTO MHTEpECyroulas ciydailHas BeauuuHa X pac-
npeneneHa no 3akony Ilyaccona, To TpeOyeTcst OLleHUTh napaMmerp A, KOTOPbIM 3TO
pacnpezaeneHue NOJHOCTBIO ONPEAEIAeTCs; ecli X paclpeesieHa 10 HOpMaJIbHOMY
3aKOHY — TpeOyeTcsl IPOBOAUTH OLIEHKY MAaT€MaTUYECKOTO OXHUAAHUS U CPEIHErO

KBaJIpaTU4YCCKOT'O0 OTKJIOHCHMUA.

B pacnopsixenuu uccnenoBaresis OOBIYHO TOJBKO JTAHHBIE KOHKPETHOW BbI-
OOpKM IOJIyuyeHHbIE B pPE3yJibTaTe IPOBEIEHHBIX # HAOMIOJEHUH (ONBITOB): X,

X,,....,X, , IO KOTOPbIM TpeOyeTcs ONpeeINTh HEU3BECTHBIN NTapameTp 6.

Bemnyuner X, X,,....,X, ABIAIOTCS CIy4YalHbIMHU: X, —peanu3alus IIE€pPBOro Ha-
OmoneHus, X, — Broporo u T. 1. [Ipuuem, ciydaiinsle Benuuunel X;, (i =1,2,....,n)

HMCIOT TAKOC K€ pacCIIpCaCIICHHUC, YTO U cnyqaﬁHaﬂ BeauunHa X .

Haiitu cmamucmuueckyro oueHKy (WM MPOCTO OLIEHKY) € HEW3BECTHOrO MapameT-

n

pa €, TeOPETUYECKOI0 paclpeAeIeHUs — 3TO 3HAUUT HalWTH (PyHKIMIO OT HaOIo/1ae-

MBIX CIIy4ailHbIX BEJIMUYMH, KOTOpas U JaeT NPUOIMKEHHOE 3HAYEHHE OLEHUBAEMOI0

napameTpa.
0 =0 (XX, X))
@DYHKIUIO BHIOOPKH MPUHATO HA3BIBATH CIMAMUCHUKOU.

CaM mponecc HaXOXACHHUS OLICHOK HEU3BECTHOI'O IEHEPAIBHOro napamerpa €, or
KOTOPOTO 3aBUCHUT paclpeie/ieHUue Cy4aiiHON BeIU4MHbI X, Oy/eM Ha3bIBATh OYeHU-
eanuem. CaenyeT OTMETUTh, YTO HEOOXOAMMBIE OLEHKH BCEr/la CTPOSTCS HA OCHOBE
OrpaHMUYEHHOr0 Habopa JaHHBIX. DTO BJIEYET 32 OO0 ONpPENEICHHYO BEPOSTHOCTD
MOTPEIIHOCTA B CTAaTUCTUYECKHX BBIBOAAX. Kpome TOro, oT BBHIOOPKH K BBIOOPKE,
3HAYEHMS OLIEHOK MOT'YT M3MEHAThCA. B CBs3M ¢ 3TUM, NpU HCCIeI0BaHUM pas3iiny-
HBIX [1ApaMETPOB T'€HEPATIbHON COBOKYITHOCTH Ha OCHOBE BBIOOPKH, BOZMOXHO TOJTY-
YEeHHE JIMILIb TPUOIMKEHHBIX OLIEHOK MHTEPECYIOIINX apaMeTpOB.
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[ens 11060T0 OIICHUBAHUS — MOJyYEHUE HanboJiee TOYHOTO 3HAYEHUS OTpeie-
JISIEMOM XapaKTePUCTUKU (HAUITyUIIIeH OLICHKH).

[IpuHsTO paznuuath /iBa BUJA OILIEHOK [MApaMETPOB paCIpEEIeHUs IeHepalb-
HOM COBOKYITHOCTH — MOYeyHbvle U UHMEePBATbHble.

2.1.1 ToyeuHble OLIEHKH

Toueunoii oyenxoui 6 napamempa 0 nazvieaemcs 4UCI080€ 3HAUEHUE MOS0
napamempa, noiyueHHoe o ONpedesleHHbIM Npasunam, no evlbopke obvema n. Kak

y>Ke ObUIO OTMEYEHO BbIIIE, OleHKa 6 sABisieTcsl (yHKUMEH BbIOOPKU, OTOOpaHHOM
g u3ydenus: 0 =60 (X,,X,,...,X,). CilenoBareapbHo, OHa MOKET pacCMaTPUBATHCSA

KakK CilydaiiHas BEJIMYMHA CO CBOMMM YHMCIIOBBIMHU Xapakrepuctukamu. [Ipu stom, ka-
YECTBO OLIEHKU ONPEIEIISIOT, MPOBEpPsis, 00JIaaeT JIn OHA CBOMCTBAMU HeCcMeueHHO-
cmu, COCMosimenbHOCmu U 3(HeKmusHOCmu.

Oyenka @ naszvieaemcs HecMeweHHOU, 8 MOM Clydae eciu, npu 10oom odveme
8b100pPKU, ee MameMamuiecKkoe 0HCUOAHUe PABHO OYEHUBAEMOMY napamempy, m.e.,

M@)=0.
IIpu M (5 ) — 6, OUEHKY 0 IIPUHATO HA3bIBaTh ACUMNMOMUYECKU HECMEUJeHHOU.

B Tom ciyuae, ecnu paBeHCTBO M (6) =6 He BBINOJIHAETCS, OLICHKA SIBISETCS CMe-

wenHot, a pasHoctb (M(0)—60) — cumewenuem WA cuCmemMamuieckou OuubKou

OYyerHUuearu-l. HpI/I 9TOM, BO3BMOJKHEI JIBa ClIy4das:

1). M(€)> 6,10 onieHka @ naeT CUCTEMATUYECKYIO OMMOKY B CTOPOHY 3aBBIIIICHUS;

2). M(6)<6 —B CTOPOHY 3aHM>KCHUSI.

OTtmetruM, uTO TpeOOBaHME HECMEIIEHHOCTH 0c000€ 3HAYECHHUE MMEET MPH MajioM
qucie HaOJIoAeHUN (OTIBITOB).

~

Oyenka 6 napamempa O nazvieaemcs coCmosmenbHoOU, eciu OHA CXOOUMCHL
N0 8EPOSMHOCIU K OYeHUs8aemMomy napamempy, T.€., JJig J00ro CKOJb YTOJHO Ma-
7010 € > 0 TOMKHO BBIOJHATHCS YCIOBHE:

limP(‘g - 9\ <e)=1,

n—»o0

[Tocnennee paBeHCTBO O3HAYAET, YTO C yBEIMUYECHHEM 00beMa BHIOOPKH MBI BCE OJH-
e TIOJIXOIUM K HICTHHHOMY 3HAa4EHHIO mapamerpa 6.
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CBOMCTBO COCTOSATEIIBHOCTH SIBJISICTCS 00S3aTEIBbHBIM IS JTI000T0 IpaBuUjia OICHU-
BaHud. (HecocTodTenbHble OLIEHKU HE UCHOB3YIOTCS !)

~

Dppexmuenou npuHAmMo HA3bI6AMb CMAMUCMUYECKVIO OYeHKY 6, komopas
(npu 3a0anHoM 0Oveme blOOPKU N ) OO0JHCHA 001a0amb HAUMEHbUUM PA3OPOCOM
OMHOCUMENbHO OYeHUuBaemMo2o napamempa 6, m. e. 00INCHA UMEMb HAUMEHbULYIO
B03MOMNCHYIO OUCNEPCUIO CPeOU 8CEX BOZMONCHBIX HECMEUEHHbIX OYEHOK.

Hpyrumu cinoBamu, onieHka € 3pdexTuBHa, €clu ee AUCTepCrus MUHUMAaJIbHA.

Haubomnee n3BecTHBIMH MCTOAAMHU HAXOXACHHA TOYCUHBIX OLICHOK IIapaMcCT-
poB reHepanLHoﬁ COBOKYITHOCTH SBJIAIOTCA Memoo MOMERMO8, Memoo MaKCUMAaib-

HO020 Npagoono0odUIn Memoo HaUMEHbUUX K8AOPAmos.

2.1.2. MeToabl HAXO0KAEHUSA TOYECYHDBIX OI[EHOK

2.1.2.1 MeTox MOMEHTOB
JlaHHBIN METOJI COCTOUT B MIPUPABHUBAHUU OTNPEICTEHHOTO KOJUYECTBA 8b100-

POUHBIX MOMEHMO8 pacnpedeienus (Ha4aibHblX v, WU UEHTPATIbHBIX L, , UIU meX U
opy2ux) coomeemcmeyiouwum meopemuideckum momenmam pacnpeoenenus (v, WA

M, ) 3a0aHHbIM NO 8b1OOPKe.

3n1ech cieayeT HAllOMHUTh, YTO BHIOOPOYHBIE MOMEHTHI k — FOTIOPSKA, CIIy4ailHOM

BEJUYHMHBI X , ONIPEACIISIOTCS 10 CACAYIOMMUM (PopMyIIam:
Gk < k
Vi :_Znixi My =—an-(xi—X)
n ;- ni-

COOTBCTCTBYIOHII/IC UM TCOPCTUYICCKHUC MOMCHTHI OIIPCACIIATOTCA 110 (I)OpMy.TIaM:

m m

~ k ~ k o o 9

Vi, = DX D 4, =D (x;—a)" p;— sl IMCKPETHOM CIy4ailHON BEIHYHMHBI C
i1 i-1

(byHKUMel BeposiTHOCTEN: p, = ¢(X;,0) ;

V=" X o(x,0)dx, I, =" (x;—a)" o(x,0)dx — nns HenpeprIBHOif City-

YallHOM BEJIMYMHBI C TJIOTHOCTBIO BepoaTHOCTEN ¢(x,0), e a = M (X).
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IIpumep 1: Tpedyercs HalTH OLEHKY METOJAa MOMEHTOB JJIA MapaMerpa A 3aKOHa

Ilyaccona.

Pemenune: B nanHom ciydae, 11 HAXOXACHUS €IMHCTBEHHOrO mapamerpa A, 10c-
TATOYHO IPUPABHATH BHIOOPOUHBIM (3MIIUPUYECKUM) V,_, U TEOPETUYECKUHN V,_, Ha-
YaJlbHble MOMEHTBI NIEPBOro nopsaka. OTMETHM, 4TO, B JAaHHOM cllydae, V,_, Npea-
CTaBIIIeT coOOM MaTeMaTtuueckoe oxuaanue M (X) ciydaitHoi BemuuuHbl X pac-

npeaeneHHon no 3akony Ilyaccona. M3BecTHO, UTO J1sl BEJIMYUHBI C TAKUM pacIipe-

nenenueM, M (X)=A. UYro kacaercsi MOMEHTa V,_,, TO, COIJAacHO Qopmyie

m
v, = ;Znixik , OH OyJeT paBeH BEIMYMHE BBIOOPOYHOM cpenHel v, =x, . Caenosa-
i=l1

TEJIBHO, OLIEHKAa METOJla MOMEHTOB napamerpa A 3akoHa Ilyaccona, ectb BEIOOpOU-

Hasl cpelHsas X, , T.e., A =X, .

IIpumep 2: Umeetcs ciiydaiiHas BennuuHa X pacrnpeeneHHas 10 HOpMaJbHOMY 3a-
KoHy. TpeOyeTcs HaliTH OIEHKH IMapaMeTPOB PaACIIPEICIICHHUS.

Pemenue:

[lockonbKy paccMarpuBaemasi BEJIMYMHA PACIPEIEIICHA 10 HOPMAIbHOMY 3aKOHY, TO
BIIOJIHE TOHATHO, YTO B KAayeCTBE MApaMETPOB 3/ECh BBICTYIIAIOT MATEMATHYECKOE
0)KMJAHUE U CPEAHEE KBAIPAaTUYECKOE OTKIOHEHWE, T.K. UIMEHHO OHH IIOJHOCTBIO
ONPENEIAIOT HOpMabHOE pacnpeneneHue. [loatomy, nanHas 3agada, o CyTH Jena,

CBOAMTCSI K TOMY, 4TOOBI TI0 BBIOOpPKE: X;, X,,...,X, HAaHTH TOYCUHHIC OLICHKH HEH3-
BECTHBIX MmapamMeTpoB: a =M (X) u o =+/D(X)

CornacHo METOly MOMEHTOB, MPUPABHUBAEM HUX, COOTBETCTBEHHO, K BBIOOPOYHOM

cpener (v, = M (X)—HavaJbHBIE MOMEHT IEPBOrO MOPSIKA) U BLIOOPOYHOM HC-
1

Iepcun = D(X) — ueHTpanbHbIi MOMEHT BTOPOI'O IOPAIKA.
Y My Y Y P

[Tonyuaem:
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Wrak, MCKOMBIE OLEHKHM IapaMeTpPOB HOPMAJIbHOIO pacupeieieHus: 6, =x, Hu

OueHkl MeToJja MOMEHTOB OOBIYHO COCTOSITENIbHBI, OJHAKO MO CBOEH 3(P(PeKTHUBHO-
CTH OHM HE SBJIAIOTCS «HAWIydmuMm». VX 3pPexTUBHOCTh 4acTO OKa3bIBAETCs 3Ha-

YHUTCJIIBHO MCHBIIIC CIMHUIIEI.

2.1.2.2 MeToa MAaKCMMAJIBLHOT0 PABA0NO100MsI
JlaHHBIN METOT SIBISIETCS OCHOBHBIM METOJIOM IOJIYyYCHHS OIEHOK IapaMeTpoB

reHepaIbHOM COBOKYITHOCTH IO JTAHHBIM BBIOOPKH.

[Ipennosioxum, 4To UMEETCS HEenpepvigHas ClydaiiHas BeandnHa X , KoTopas B
pe3yJibTaTe NPOBEACHHBIX # WUCIBITAHWW MPUHSIA 3HAYECHUS X1, X2, ..., X,. lIpeano-
JIOKMM TaKXe, YTO M3BECTEH M BUJl 3aKOHA PACIPEEIICHNs BEIMYUHBI X, HallpuMep,
BU/I TUIOTHOCTH pactipeodenenus f(x, 6), 3asucsaweii om neussecmnoeo napamempa 0.
[Tockonbky cam mapameTrp 6 He HM3BECTEH, 011 He2o TpeOyeTcs HAWTH TOYEUHYIO

OLICHKY C TIOMOIIbIO NMEIOIIEHCS BEIOOPKH.

DyHxyuell npagoonooodust, NOCMPOEeHHOU NO 8blOOPKE X1, X2, ..., X, IPUHSITO

Ha3bIBaTh PYHKIMIO apryMeHTa 6 credyroweeo suoa:
L(xlaxza--'axn;e) = f(xlae) ) f(xzae) feset f(xnae)

B mom cnyuae, ecnu cnyuaiinaa eéenuuuna X — Ouckpemuas, mo QyHKyus npagoono-

000us umeem 8UO:

L(xlaxza'"’xn;e) = p(xlag) ) p(xz,é?) Teert p(xn,e)
rae yepe3 p(x,,0) o003Ha4eHA BEPOSITHOCTH TOTO, YTO B PE3YJbTATE UCHBITAHUS X
IpUMeT 3Hadenue x; (i =1,2,...,n).

Cozenacno memooy MakCuMaibHo20 npagoonoodobus, 8 kauecmee oyeHKu napamempa

0 npunumaemcs maxoe 3uavenue 6,, npu KOMmopom yHKyus npagoonooodus L npu-

HUmaem makcumajilbHoe 3Ha4eHue.
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~

HaxoxeHue oneHku 6, 3HaYUTEJIbHO YIIPOIIAETCs, €CIIM MaKCUMHU3UPOBATh HE caMy
¢ynkmuio L, a ee HaTypalibHbIM norapudm, T.e. In(L). DTO OKa3bIBaETCSI BO3MOX-

HBbIM 110 TOW NPUYMHE, YTO MAKCHUMyM 00€UX (PYHKLUMH JOCTUraeTcsl NMpU OAHOM U
TOM ke 3HaueHuu 6. [1o3ToMy JUIsl OTBICKaHHSI OLIEHKU napameTrpa € (OJHOro Wiu
HECKOJIBKUX) TpeOyeTCsl PelnuTh ypaBHEeHHEe (MO0 CHCTEMYy ypaBHEHHI) MpaBIOIo-
no0us, NoJly4yaeMoe IpUpPaBHUBAHUEM MPOU3BOJHOM (YACTHBIX MPOU3BOIHBIX) HYIIIO

1o napametpy (mapamerpam) 6:

din() _ oy L9
do L

[Tocne atoro, Tpedyercs BeIOpaTh TO pelieHue, npu kotopom ¢yHkuus In(L) mpu-

HUMACT MaKCUMAJIBHOC 3HAYCHUC.

IIpumep 3: TpeOyercs, ¢ MOMOIIBIO METOJ]a MAKCUMAJIBHOTO ITPaBI0NO0A00uUs, HANTH

OILICHKY mapameTpa A B pacnpezaenenun [lyaccona.

Pemenue:B nannom ciyyae. 3akoH pacnpenenenus [lyaccona npuHuMaeT BUI:

ixl- . e—},
x.!

it

Pm(X:xi):

X; —4MCJIO0 MOSBIECHUM MHTEPECYIOLEro coObITHs B I -M onbite (I =12,....,n), KOTO-

pBIi COCTOUT U3 m ucnbiTaHuii. C y4eToM TOro, 4YTo B pacCMaTpUBAEMOM IPUMEPE

HEW3BECTHBIN mapameTp 6 = A,

L(‘xlaxza-'-:xn;i) = p(xlaﬂ') ’ p(xzaﬂ') p(xnaﬂ') =
ixi
B et ‘/lxze_’l et A e

X! x,! x,! x!xlx),!

Torna norapudmudeckast GyHKIUS:

In(L) = (ixl.)ln(}t) —nA—In(x!x!...x,")

i=1
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n

2%
[lepBas mpon3BoAHAs OT JIOTaprUPMUIECKOr (PyHKIIUU 10 A %ln(L) = % —n

[TpupaBHsB NEepBYIO MPOU3BOAHYIO HYJIIO, TOJIYYUM YpaBHEHHUE TPABIONOI00US:

n

2%
1
=l _p =0, ¥u3 KOTOPOro HaliJeM HHTEPECYIOLIEE 3HAYEHME HEM3BECTHOIO Iapa-

merpa: A=-=L—=x . Bropas mnpomsBomHas 1o A OyIeT HWMETh BHJ:
n
n

2 in o

ﬁln(L) = —%. [TockonpKy OHa OTpULATENIBHA, TO TOYKa A = X, — €CTb TOYKa

MaKCHMMyMa U OHa IIOAXOOWUT B Ka4YCCTBC OLICHKU HaMOOJIBIIIETO HpaBILOHOI[O6I/I}I Ima-

pametpa A B pacnpenenenuu [lyaccona.

IIpumep 4. B pe3ynbrare n ucnblTaHuil, BenuunHa X TpUHSIA 3HAYEHUS X1, X, ...,

Xns Tpe6yeT051, C IIOMOIIBIO MCTOJa MaKCHUMAaJIbHOI'O HpaB,Z[OHOI[O6I/IH, HAWTH OLICHKU

_G-a)?

napaMeTpoB @ ¥ ¢ HOPMAJILHOTO pachpenaeseHus: f(x)=——e 29
o2z

Pemenne: C ydyeTom TOro, 4To B JaHHOM ciydae, 6, =a u 6, = o, QyHKUUSA IpaB-

J0TI01001Ms OyACT UMETh BUI:

> (x-a)?
=

2072

(xq-a)’ (x-a)’
20'2 20'2

1
=———e ——e ———¢ = ¢
o2 o2 o2 o"(\N2x)"

Jlorapudmudeckasi pyHKIUS PaBIOTOA00US:

1 z<x ~ay’
(\/E)' - 267

YacTtHbie IMPOU3BOJHBIC 11O @ U I10 O :

In(L) =—-nln(o)+1n
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n

dln(L) _ ;xl‘_”a d1n(L) :_£+;(xl‘_“)

2

da o’ do o o

ITocne IpHUpaBHUBAHUA HYJIIO YACTHBIX ITPOMU3BOAHBLIX W PCIICHUSA HOJIy‘-ICHHOﬁ CHC-

TEMBI U3 IBYX ypaBHeHI/Ifl OTHOCHUTCIIBHO a " 0'2 , IIOJIYYUM MCKOMBIC OLICHKHU:

>, > (- x,)?

- 2 _ =
=X, c-=E—— =D

6
n n

JIy1s mpoKoro Kiacca 3aad OIeHKH METO/Ia MAKCUMAJILHOTO TIPABIOTIOA00HS SIBIISIOT-
Csl COCTOSITENIbHBIMU U 2(PPEKTUBHBIMU. B TO ke BpeMsi, OHU MOTYT OBITh CMEIIIEHHBIMHU.
HenocratkoM merona siBisieTcsi HEOOXOIMMOCTh 3HAHMSI 3aKOHA pacHpeAesieHHs CiIy-

YailHON BEJIMYUHEIL.

2.1.2.3 MeTo1 HAUMEHbIINX KBAJPATOB
JlaHHBIN METOJ SIBISETCS OJHUM M3 HauOoJyiee MPOCTHIX MPUEMOB MOCTPOCHHUS

OLCHOK. On ocHOBaH Ha MUHUMMHU3AIINHN CYMMBI KBaAPaTOB OTKJIOHCHUH BI>I6OpOLIHI>IX

JAaHHBIX OT HCKOMOU OLICHKHU 0. I[pyrI/IMI/I CJIoOBaMH, B MCTOAC HAMMCHBIIMUX KBa/lpa-

~ n
TOB TpeOyeTcsl HallTh Takoe 3HaueHue 6 , npu KotopoM Y (X, — 0)* — min.
i=1

~

IIpumep 5 C nOMOIIBIO METOAA HAMMEHBIINX KBAJIpaTOB, HAMTU OLEHKY 6, A1 re-
HEPAJIBHOU CPEHEH X, .

~

Pemenne: Haiinem HMHTEpeCcylONIyl0 Hac OLICHKY 6 U3 yCJIOBUS MUHHUMHU3ALUU

n

bynkmma: F(0) =Y (X, -6,)* — min.

i=1
Hcnonp3yss HEOOXOJMMOE yCIOBUE HKCTPEMYMA, IIPUPABHAEM HYIIO NEPBYIO MIPOM3-
n
24X
d n ~ 5 n ~ ~ = _
BOJIHYIO ﬁF =>(X,-6,)" =0, cnenoBarensHo » X, -0 n=0u 0, ==L— =%

0 i=1 i=1 n

T.€., ICKOMasl OLICHKA FeHEPAJIbHON CPEHEH X, €CTh BBIOOPOYHAS CPEIHSS X .
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Section 2.
2.1. Parameter estimates and properties of sample estimates
Let us assume that there is an entire assembly, which is a number of values of

some random variable of interest with a known distribution law depending on one or
more parameters. A task of estimating these parameters arises. In this case, the par-
ticular distribution law determines, which parameters are subject to estimation. For
example, if it is known that a random variable of interest X 1is distributed according
to Poisson's law, then we need to estimate the parameter 4 that fully defines this dis-
tribution; if X is distributed according to the normal law, we need to estimate ma-
thematical expectation and standard deviation.

Typically, the researcher possesses only the data of a particular sample obtained as a
result of 7 observations (experiments): X,, X,,....,X,, according to which the un-

known parameter 6 needs to be determined.

The values X,, X,,....,X, are random: X, —is the implementation of the first ob-
servation, X, — is the implementation of the second one, etc. Moreover, the random

variables X, (i =1,2,....,n) have the same distribution as the random variable X .

Finding a statistical estimate (or simply an estimate) § , of an unknown parameter
@, of a theoretical distribution means finding a function of the observed random va-

riables that gives an approximate value of the estimated parameter.
0 =0.(X,X,,..X)

The sampling function is called a sample statistics.

The process of finding estimates of the unknown general parameter ¢, on which the
distribution of the random variable X depends, will be called estimation. It should be
noted that the necessary estimates are always generated on the basis of a limited set
of data. This entails a certain probability of error in statistical findings. Moreover, the
values of the estimates may vary from sample to sample. Due to this, when studying
different parameters of entire assembly on the basis of a sample, it is possible to ob-
tain only approximate estimates of the parameters of interest.

Any estimation is aimed at getting the most exact value of a certain characteris-
tic (the best estimation).

There are two types of estimates of entire assembly distribution parameters:
point and interval estimates.
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2.1.1 Point estimates

The point estimate 0 of the parameter 0 is the numerical value of this parame-
ter obtained by certain rules from a sample size n. As we mentioned above, the esti-

mate @ is a function of the sample selected for the study: g = g (X X X,) - Con-

sequently, it can be regarded as a random variable with its own numerical characteris-
tics. In this case, the quality of an estimate is determined by checking whether it has
the properties of unbiasedness, consistency, and efficiency.

An estimate 0 is called unbiased if its mathematical expectation is equal to the

estimated parameter at any sample size, i.e. M (0) =0

When M () — 6, the estimate 6 is called asymptotically unbiased.

If the equality M (F) =6 is not fulfilled, the estimation is biased, and the difference
(M (6) - 0) is a bias or a systematic estimation error. However, there are two possi-

ble cases:
1). M(@)> 6, then the estimate 0 gives a systematic error towards overestimation;
2). M (6) < 6, then the estimate gives a systematic error towards underestimation.

Note, that the requirement of unbiasedness is especially important in case of a small
number of observations (experiments).

An estimate 6 of parameter 6 is called consistent if it is convergent in proba-
bility to the estimated parameter; in other words, the condition must be satisfied for
any arbitrarily small ¢ > 0:

lim P(| - 6] < &) =1,

n—®

The last equality means that we are getting closer to the true value of ¢ parameter as
the sample size increases.

The property of consistency is mandatory for any estimation rule. (Non-consistent es-
timates are not used !)

An effective estimate is a statistical estimate 0, which (at a given sample size
n) must have the smallest scatter with respect to the estimated parameter 6, i.e. it
must have the smallest possible variance among all possible unbiased estimates.

In other words, an estimate & is effective if its variance is minimal.
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The best known methods of finding point estimates of entire assembly parame-
ters are the method of moments, the maximum likelihood method and the method of

least squares.

2.1.2. Methods of finding point estimates

2.1.2.1 Method of moments
This method consists in equating a certain number of sampling moments in the

distribution (initialv, or central u, , or both) with the corresponding theoretical mo-

ments in the distribution (V, or fi,) given by the sample.

It should be recalled here that the sample moments of the & —th order of the random

variable X, are determined by the following formulas
& 1 & ok
Ve == X, Hye == n,(x; = X)
n =1 n =1
Their corresponding theoretical moments are determined by the formulas:
Vv, = lek D; =2 (x; - a) p;— for a discrete random variable with a proba-

i=1 i=1

bility function: p, = ¢(x;,0) ;

v, = [ x*o(x,0)dx, i = [ (x,—a) ¢(x,0)dx — for a continuous random
variable with probability density ¢(x,8), in which a = M (X).

Example 1: It is required to find an estimate of the method of moments for the para-

meter 4 of Poisson's law.

Solution: In this case, in order to find a single parameter A , it is sufficient to equate

the sample (empirical) v,_, and the theoretical V,_, initial moments of the first order.
It should be noted that, in this case, v,_, is the mathematical expectation M (X) of a

random variable X distributed according to Poisson's law. It is known that for a val-
ue with such a distribution, M (X)=A. As for the moment v,_,, according to the

1 & L —
formula v, =—> n,x", it will be equal to the value of the sample mean v, = x, . Con-
ni=
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sequently, the estimation of the moments method of Poisson's law parameter 4, is

the sample mean Z, e, A= Z

Example 2: We have a random variable X distributed according to the normal law.
We need to find estimates of the distribution parameters.

Solution:

Since the considered value is distributed according to the normal law, it is quite clear
that the parameters here are the mathematical expectation and the standard deviation,
because they completely determine the normal distribution. Therefore, this task, in

fact, 1s to find point estimates of the unknown parameters a=M(X) and
o = +/D(X) from the sample: x,, x,,...,Xx,

According to the method of moments, we equate them, respectively, to the sample

mean (v, = M (X)— is the initial moment of the first order) and the sample variance

(4, = D(X) — is the central moment of the second order).

We get:

{Mm:?g {a%
or 5
D(X)=D, o’=D,

Thus, the required estimates of the normal distribution parameters: 4, = x, and
8, = /D, -

The estimates obtained using the method of moments are usually valid, but they are

not the "best" in their efficiency. Their efficiency is often much less than 1.

2.1.2.2 Maximum likelihood method
This method is the main method of obtaining estimates of entire assembly pa-

rameters from sample data.

Let us assume that there is a continuous random variable X , which as a result
of n tests took values x;, x,, ..., x,. Let us also assume that the distribution law of the

X variable is also known, e.g., the distribution density f(x, 8) depending on the un-
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known parameter 6. Since the parameter 4 itself is not known, we need to find a point

estimate for it with the help of available sample.

A likelihood function plotted from a sample x,, x,, ..., X,,, is usually called a

function of the argument 0 of the following form:
L(x;,xy,..,%,50) = f(x,0) f(x,,0)-...- f(x,,0)
If a random variable X is discrete, the likelihood function should be:
L(xy,%p,..,%,360) = p(%,0) - p(x,,0) -...- p(x,,0)

where p(x,,0) denotes the probability that X will take the value of x; (i =1,2,...,n) as

a result of the test.

According to the maximum likelihood method, such a value of 0, at which the likelih-

ood function L acquires the maximum value is taken as an estimate of 6 parameter.

Finding the estimate of g is greatly simplified if we maximize not the function L it-
self, but its natural logarithm, i.e. In(L). This is possible because the maximum of
both functions is reached at the same value of ¢ . Therefore, in order to find an esti-
mate of @ parameter (one or several parameters) it is necessary to solve the likelih-

ood equation (or a system of equations) obtained by equating the derivative (partial

derivatives) to zero by the parameter (parameters) 6 :

din(L) _ o op 1AL _
do Ld6

0

After that, it is required to choose the solution at which the function In(L) acquires

the maximum value.

Example 3: It is required to find an estimate of 4 parameter in the Poisson’s distri-

bution using the maximum likelihood method

Solution: In this case the Poisson’s distribution law takes the following form:

ﬂ/xi . e_l

b

Pm(X:‘xi):

x;!
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x; — 1s the number of occurrences of a particular event in the ;-th experiment
(i =1,2,....,n), which consists of m experiments. Considering that the unknown pa-

rameter in the example under consideration 6 = 1,

L(x,%y,0,x,54) = p(x,A) - p(x3,A) - oo.s p(x,,A) =

_lx‘e_’l A2e ™t e e

x! X, ! x,! x!xl..x,!

Then the logarithmic function is:

In(Z) = (3 x)In(2) — 4 — In(x!x, .. x, 1)

i=1

n

2%
The first derivative of the logarithmic function A : %ln(L) = % —n

By equating the first derivative to zero, we obtain the likelihood equation:

n

2%
=L _n =0, with the help of which we obtain the value of the unknown parameter

n n

in o 2 in
=l = x_. The second derivative of 1 will be: —In(L) = —%
n dx A

of interest: A=

Since it is negative, the point 1 = x_ is the maximum point and it is suitable as an

estimate of the greatest likelihood of 4 in the Poisson's distribution

Example 4. As a result of n experiments, the variable X acquired the values xy, x;,
..., X, It 1s required to find estimates of a and o parameters of the normal distribu-

_(-a)’

e 2062

tion using the maximum likelithood method: f(x) =—F—
g f (x) > \/ﬂ

Solution: Considering that in this case, §, =a and 6, = o, the likelihood function

will be:
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(x-a)? (x-a)?
Uyt S (o

1
L=——e - e e e =———F—¢
o2 o2 o2 o"(\N2r)"

Logarithmic likelihood function:

20

n

1 Z_; (x; = a)’
WY}

2

In(L) =—-nln(o) + ln£
20

The partial derivatives of @ and o :

n B n B 2
din(L) ;x" ”“ din(L) __n E(x" @)
da o do o o '

2

After equating the partial derivatives to zero and solving the resulting system of two
equations with respect to @ and o, we obtain the desired estimates

n

>xo > —x,)
=L = x ol==__-p

6

n n

The estimates of the maximum likelihood method are consistent and efficient for a wide
class of problems. At the same time, they can be biased. The disadvantage of the method

is the need to know the distribution law of a random variable.

2.1.2.3 Least squares method
This method is one of the simplest methods of estimation. It is based on mini-

mizing the sum of squares of the sample data deviations from the desired estimate 4 .

In other words, the method of least squares requires finding such a value of 0 at

which > (X, —)> - min .

i=1
Example 5: Using the least squares method, find an estimate ¢ for the general aver-

age Xx,.
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Solution: Let's find the estimate g, we are interested in from the minimization condi-

tion of the function: F(8) = Y (X, - ,)* — min.
=

Using the necessary extremum condition, we equate the first derivative to zero

n

d L ) L ~ ~ ZXZ
EF:Z(XZ' —0,)" =0, therefore > X, -6n=0 and §, ==L— =%

' i=l i=1 n

1.e., the desired estimate of the general average X 1s the sample average x .
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Paspnea 3.
3.1. UuTepBajibHas OLIEHKA
ToueuHble OLIEHKM HEW3BECTHOTO MapameTpa 6, KOTOpbIE paccMaTPUBAIKCH

paHee, UMEIOT 3HaYEHUE TOJIPKO B KAUECTBE MEPBOHAYAIBHBIX PE3yJITaTOB 00paboT-
K1 HaOJIIOJCHUHN, TOCKOJIBKY HE Jal0T HUKAKON mH(opMamuu o0 OIeHOYHOM TOYHO-
CTH.

B cBsi3u ¢ 3TUM, Haps Iy ¢ TOUCYHBIMU, IPUHATO PacCMAaTPUBATh U OIICHKU WH-
TepBaJbHbIC, KOTOPBIC MO3BOJISIIOT MOJYYUTh HHPOPMAIIUIO O MOYHOCHU U HAOEMiC-
HOcmu OIICHWBAHMS HEHW3BECTHOI'O IapaMeTpa, 4TO OCOOEHHO BaXKHO I BHIOOPOK
HEOOIBIIOT0 00BEMA.

Coenacno onpeoenenuio, UHMEPBAILHOU HA3bIBAIOM OYEHKY napamempa 6,
KOMopast Onpeoensemcst 08yMs YUCIAMU — KOHYAMU UHMEPBANA: gn(l) u 5,,(2) NOKDbI-

salowe20 oyenugaemvlil napamemp 6 c 3a0aHHOU 8ePOAMHOCMBIO ¥ .

NutepBan (Hn(l) , Hn(z)) MIPUHATO HA3bIBATh 008epUmMenbHbiM, a BEPOSITHOCTh ¥ — 008e-

PpUmMenbHOU 8epOsSIMHOCHbIO WIH HA0eHCHOCMbIo OLIEHKU. BennunHa 1oBepUTenbHOTO
WHTEpPBAJIa, HEMOCPEJICTBEHHO XapaKTepU3ylollass TOYHOCTb OLEHKH, 3aBUCUT OT
00bema BBIOOPKHU 7 (YMEHBIIAETCS C POCTOM 7 ) M HAJIEKHOCTU ¥ (YBEJIMYUBACTCS C

NpUOIMKCHUEM ¥ K €AUHUIIR).

Crnedyem ommemums, Ymo O0B80JILHO 4acmo (HO He 8ce20a) 008epumeibHbll
UHMepPBan BvLlOUPAIOM CUMMEMPUUHBIM OMHOCUMENTbHO HEeCMEUWeHHOU MOoYeyHOU

oyenku 6 . T.e., sbioupaemcs unmepean euoa (6 —¢,0 + ¢ ).

3nech, uucio ¢ >0 takoe, 4to |f — 60 |< &, XapaKkTepu3yeT TOYHOCTh OIleHKH.O1eHKa

CUMTAETCS TEM BBIIIIEC, YeM MEHBIIE Pa3HOCTh |0 —6 |.

Benmuuuna y BeiOupaercs 3apanee paBHoi 0,9; 0,95; 0,99 wnmm 0,999, uro 3a-

BUCHUT OT KOHKpCTHOﬁ pemaeMoﬁ 3aJa4H.

Wtak, mpeanosoXum 4To BEpOsSTHOCTH P, Toro uto |0 —6 |< &, paBHa y, T.€., BBI-
noyiHgercss  paBeHCTBO: P(|@—-0|<g)=y, wnmm, 4YTO TO K€  CaMmoe:

P(§—5<«9<§+8):7

CornacHo MMoCJICAHEMY  COOTHOIICHHIO, BCPOATHOCTL TOI'0, HYTO HHTCpPBAJI

(6 —¢&,0 + &) NOKpBIBAET HEU3BECTHBIN MapameTp €, paBHa ¥ .
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ITOCKOIBKY B 3KOHOMETPHUYECKHX 3a/1a4aX YacTO NPUXOJUTCA HAXOIUTH JOBEPH-
TEJIbHbIE MHTEPBAJIbI MApPaMETPOB CIy4YaillHON BEIMYUHBI, IPUBEIEM MPUMEPHI UX MO-
crpoenus. Jls onpeneneHHOCTH, OyAeM paccMaTpuBaTh CIydau, KOrja BbIOOpKa IMpo-
W3BOJIUTCS U3 T€HEPAIbHON COBOKYITHOCTH UMEIOLIEN HOpMaJIbHOE paclpeieiieHue.

3.1.1. IlocTpoeHue NOBEPUTEIHHOI0 HHTEPBAJIA JAJIfl OLIEHKH MATEMATHYECKOI0
O:KU/IAHNSI MIPH U3BECTHOM M CIIEPCUH

JlomycTuMm, 4TO HMEETCA ClydailHas BeluurHa X pacnpelesieHHasl 1Mo HOp-
MaJIbHOMY 3akOHy. lIpu 3TOM, M3BECTHO CpegHee KBagpaTUYECKOE OTKJIOHEHUE O
ATOT0 paCHpPEACIICHNUs], a BEINUNHA ) — 3aJaHa.

[IpenmnonoxuM, 4to psg KOHKPETHBIX 3HAYEHUH: X,, X,,...X,, [IPEACTaBIAET COOOH

BBIOOPKY, KOTOpas MOJIydeHa B pe3yjbTaTe MPOBEICHHUS /1 HE3aBHUCUMBIX HaOJIO/Ie-
HUM 3a BenmmunHOM X . J[7ist TOTO, 4YTOOBI MOTYEPKHYTh CIyYalHBIA XapakTep BEIH-
YUH, IepenuileM ux B sune: X,, X,,... X, , a cliefoBaTeipHo, nox X, OyJaeM MOHU-

MaTh 3HAY€HHE Clay4daiHOi BennuuHbl X B i-M ombiTe. OTMETUM, YTO CilydailHbie
BeNM4uHbl X, X,,... X, ABISAIOTCS HE3aBUCHMBIMH U 3aKOH paclpeeleHus JII000n

U3 HHUX COBMIAJAET C 3aKOHOM pacIpeesieHus ciydailHoi BenuuuHbl X . [Ipu sTom,

n
BBIOOPOYHOE CpejHee 3HaueHue X =—ZX . TaKke OyIeT pacmpelerneHo Mo Hop-
ni-

MajgpbHOMY 3akoHy. Ilapamerpsl ero pacmpeneneHuss umeroT Bua: M(X)=a;

D()?):%z.

Teneps, noTpedyeM 4TOObBI BHIIONHSIOCH COOTHOIEHE: P(| X —al< &)=y, tae y —

3TO 3aJjaHHAast HAJIC)KHOCTb.
N g
[Tonb3ysice popmynont P(| X —al< €)= 2@(—) (rne @ — ¢dynkuus Jlamnaca), Mox-
o

HO, 3aMeHNB X Ha X u 0 Ha o(X)=+/D(X) :%, TIOJIYYHTh:
n

g-n

P(|X —alke)=20| =—— |=20()=y,
O

rae t = (8\/; )/ o . OnpenenuB U3 MOCICIHETO PABCHCTBA & =10 / Jn, MOJTYyYaeM:

P( X —al<to/In)=2d(t) nm
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P(X —to/n<a< X +tc/n)=20()=y

B cooTBeTcTBHM € OnpeneneHrueM JOBEPUTEIBHOIO HHTEPBAJIA, MOJy4aeM, YTO JOBE-
puTeNbHBIA UHTEpBaN A a = M (X):

(X —to/n<a<X+to//n),

rje ¢ ompenensercs u3 ypaBHeHus 2@(t) =y mno tabaunam ¢yHkuuu Jlamnaca, npu

3aJaHHOM 3HAQ4YCHHUHU ) .

(Tabruywvr gynxkyuu Jlannaca npedocmasnenvl 8 KoHye 1006020 NOCOOUs no meopuu
8epOSIMHOCMEN U MAMEMAMUYECKOU CIMAamucmuKe)

CrnenoBarenbHO, MOKHO YTBEPKJaTh, YTO IMOJYYEHHBINA JAOBEPUTEIbHBIN HMHTEpPBAI

MOKPBIBAET HEM3BECTHBIN apaMeTp @ . TOYHOCTh MPOBEACHHOMN OLIGHKH: & =10 /N .

IIpumep 1: Nmeercs cayvaiiHas BennuuHa X pacnpeneineHHass M0 HOPMaJIbHOMY
3aKOHY C H3BECTHON JOBEPUTEIILHON BEPOATHOCTHIO o =20. 3a 3TOW BEIMYMHOU
IPOU3BEJICHO IISITh HE3aBUCUMBIX HAONIONECHUMN, pe3yslbTaTbl KOTOPBIX: X, =—25,

x, =34, x;=-20, x, =10. x;=21. HaliTu OleHKy MaTeMaTU4ECKOr0 OKUIAHUA a

Y TIOCTPOUTH 1JI1 HETO 95% - TOBEpUTENIbHBIN HHTEPBAI.

Pemenne: Omnpenensem cpenHee BbIOOPOYHOE 3HaYCHHE:
-2 4-20+10+21
X, = >*3 5 0+10+ =4. C yuerom Toro, uro ¥ =095 u @(¢)=0,475, no
Tabnuie byHKIMI Jlanutaca, MOJIy4aeM, 4TO t=196. Torga
to 1,96-20

~17,5. JloBepuTenbHbII UHTEPBaI JUTSt a=M(X):

E = =
O
(4-17,5;4+17,5), T.e. (13,5;21,5).

IIpumep 2. CnydaiiHas BennunHa X HMMEET HOPMAJIbHOE PACHPENEICHUE C U3BECT-
HBIM CPEIHUM KBaJIpaTUYECKUM OTKIOHEHUEM o = 3. TpeOyeTcsi HallTH I0BEPUTENb-
HbIE€ UHTEPBAJIBI JIJI1 HEU3BECTHOI'O MATEMATHUYECKOTO OKUJIAHUSI @ TI0 BHIOOPOYHBIM
CpPEeIHUM X , €CIi 00BeM BBIOOPKU 7 =36 U 3a7aHa HaACKHOCTH OorleHKU ¥ = 0,95.

Pemenne: CornacHo ycnoBuro 3agaun: 2@(t) =0,95, cnegoBarensHo @D(t)=0,475.
[lo tabmuue Qynkuwmii Jlannaca, momydaem, uto ¢=196. OnpenenuM TOYHOCTH

OLICHKM.

e=to/n=(1,96-3)/:/36=0,98
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CnenoBarenbHO, 10BepUTENbHBIN uHTEpBaT: (X —0,98;X +0,98).

Hampumep, ecnu X =4,1, To 10BepUTENbHBIA UHTEPBAT UMEET CIEAYIONINE JOBEPH-

TEJbHbBIE TPAHUILIBL:
x—-098=4,1-098=3,12; x+0,98=4,1+0,98=5,08

T.e., 3HaueHHE HEW3BECTHOTO MapameTpa @, KOTOPOE COTJacyercsl ¢ JaHHBIMH BbI-
OOpKHU, yIOBIETBOPSIET HEPABEHCTBY: 3,12 < a < 5,08.

3.1.2. IlocTpoeHue JOBEPUTEIBHOT0 HHTEPBAJIA JAJI OLEHKHA MATEeMATHYECKOI0
0KM/IaHUS IPU HEU3BECTHOM AucCepCcHn

Hpe,Z[HOJIO}KI/IM, qTO0 HMCCTCA cnyqaﬁHaﬂ BCJINYMHA X, pacipcaciiCHHasA 110
HOPMAJIBHOMY 34dKOHY. HpI/I 9TOM, CPCOAHCC KBAAPATHYCCKOC OTKIIOHCHHC O J3TOTO
PaCIpCaACICHUS ABJISCTCA BEJIMYUHOM HGHSBCCTHOﬁ, a BCJIMUMHA ) — 3aJ4dHa.

TpeOyeTcst HAlTH TaKOE YUCIIO & , YTOOBI BHIMOJIHSAIOCH COOTHOIIIEHHUE:

P(|X —alke)=y,uma P(X —g<a<X+&)=y.

. X—a
BBenem ciyuaiinyro Benmmuuny: 7 = ————, rje 7 — 00beM BBIOOPKH; S — TaK Ha-
(S/~/n)
3pIBAEMOE HCIPABICHHOE CpellHEee KBaIPaTHUECKOE OTKIOHEHHE, KOTOPOE BBIYUCIIS-
I =
eTcst 1o BBIOOpKe: S = —1-2()(1. -X,)’
n—1 iz

Benmuuuna 7' umeer pacnpenenenue CteroneHta ¢ (n—1) creneHsMu CBOOOJBI.
[110THOCTB 3TOrO pacupenesieHUs] UMEET BU:

n

2 2
F(I’Z/Z) 11+ t , TJIe I’ — ramMma (byHKHHﬂ (6epeTCﬂ I10

ﬂ(n—1)-r(”2_1j n-l

CIIPaBOYHBIM TAOJIULIAM).
B nesoy yactu paBenctBa P(| X —al|< &)=y, nepeneM OT CIy4YalHOW BEJIWYHUHBI

f(tan_l):

X K ciydaitHoU BenmuuHe 1 :

o1 X-al

&
< |=r wm P(T<e/(S/\n)=y wmP(T|<t)=y,

In

E -

rae ty =

|58

t
BenuunHa ¢, HaXOIUTCs U3 PABEHCTBA: 2J‘07 ft,n-ldt=y.
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Honb3ysice Tabimueid 1uist pactpesesnenus CTbIOACHTa, HAXOAUM 3HAYEHUE [, B 3a-
BUCHUMOCTH OT JOBEPUTEIHHON BEPOSTHOCTU ) U 4ucia cTeneHedl cBoOojbl (n—1).

Janee, onpeznenus 3HaueHHe ¢, W3 PaBeHCTBA 1, :(5-\/;)/S , HAXOJIUM 3HA4YEHUE

< =t i
7\/;‘

CJI@I[OB&TCJ'IBHO, paBeHcTBO P(| X —a|< &) = y IPUHUMAET BU:

P( <a<X+t

e )

DTO O03HA4yaeT, 4YTO HHTEpPBAI ( \/_ X + - \/_j MOKPBIBAET 3HAYEHUE

a=M(X) c BepOATHOCTBIO ¥, T.C., ABJISETCS JOBEPUTEIHLHBIM UHTEPBAJIOM ISl Ma-
TEMATUYECKOI0 OKUJAHUS pacCMaTPUBAEMOU CIIy4allHOM BEIUYUHBI X .

IIpumep 3. 1o ycnoButo npumepa 1, cuuras 4to ciiyyailHas BeauunHa X pacrpeze-
JIEHHAs 0 HOPMAaJbHOMY 3aKOHY C HEM3BECTHOM JOBEPUTEIHHON BEPOSITHOCTHIO O,
MOCTPOUTH Il HEM3BECTHOrO a = M (X) noBeputenbHbl HHTEpBa. CUUTATh, YTO

y=0,95.
Pemenne: CornacHo npoBe€HHOI BbIlIE OLIeHKE, X = 4. HaxoauMm 3HaueHue S ':

2 :%((—25 —4)? 1+ (34-4)> +(-20-4)> + (10-4)*+(21-4)*) = 660,5

S ~25,7. Ilo Tabmune mg ¥ =0,95 u n—1=4, Haxoaum t, =2,78. CienoBaresbpHo,
25,7

~ 31,9 u noBepuTenbHBIN HHTEpPBAI Takoil: (—27,9;35,9).

9

3.1.2.1. loBepuTebHbI HHTEPBAJ JJIS CPeIHEr0 KBAAPATHYECKOT0
OTKJIOHEHHMS] HOPMAJIBHOTO pacnpeaejieHust

[Ipeanonoxxum, 4TO0 HMMEETCs cilydaiiHas BequuuHa X , paclpeiesieHHas 1o
HOpPMaJIbHOMY 3aKOHY. [Ipu 3TOM, 0 — Hen3BeCcTHas BEIWYMHA, 4 3HAYCHHUE ) 3aja-
HO. Y CTaHOBJIEHO, YTO €CJIM U3BECTHO a = M (X)), TO TOBEpUTEIbHbIA MHTEPBAI IS

\/;'SO '\/;SO

CPEIHEr0 KBaJIpaTHYECKOTO OTKJIOHCHHUS O HMEET BUJI: ; , Tne n —
y4) X

006beM BBIGOPKH; S, = Z(X —a)’,
ni-

. 2
a X, > Xi_y OTO TaK Ha3bIBACMBIC K6AHMUNY "~ PACTPENEICHHS C /1 CTENCHAMH

. L2
cB00OABI. OHU ONPENENSIOTCS M0 CHEUATBHON TabauIe KBaHTWIEH ¥, , paclpene-

NeHus ..
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Ecnu 3Haduenue a =M (X) HE W3BECTHO, TO JOBEPUTEIILHBIA HHTEPBAI IJIsl HEU3-
BECTHOTO O MMEET BUJ:

An=1-§ ~n-1-§ 1 & =
; 01, rne n — 06beM BEIOOPKH, S = (X, —-X )? — ucrnpas-
X2 4l n—1i5
JIEHHOE CpeJIHEE KBaAPATUUECKOE OTKIOHECHHUE; ;512 = le+y U ;(22 = ;(12_7 — KBaH-
——:n—1 sn—1

2 2
TUJIK OTIpeJieTisieMble TI0 TaOIuIle ;(i . Ipu k =n—1, a Takke, COOTBETCTBEHHO, IPU
1+ 1-
TV v a=r
2 2

IIpumep 4. C 1enpio OLEHKU NapaMeTpa HOPMaJbHO PAaCHpEAesICHHON Cily4dailHOM
BEJIMYMHBI OblJIa cAenmaHa BhIOOpka o0beMoM B 30 u Berumciieno S =1,5. Haiitu mo-

o =

BEPUTENbHBIA HHTEPBAJ, MOKPHIBAIOIINUNA ¢ € BeposTHOCTHIO ¥ =0,90.

Pemenne: CormnacHo ycinoButo 3anauu, umeem: n =30, y =0,9. Jlanee, mo Tabnuie

2
X0 HAXOIUM

2l = Z@-go_l = 72(0,95:29)=17,7; x5 = leﬁ-so_l = 77(0,05;29) = 42,6.

CJ'ICI[OBaTeJ'IBHO, I[OBepI/ITeJ'ILHHﬁ I/IHTepBaJ'I HUMECT BHU.
V30-1-1,5 +/30-1-1,5
J42.6 0 17,7

Section 3.
3.1. Interval estimation
The point estimates of the unknown parameter ¢ , which were considered earli-

J , mmnl1,238< 0 <1,920.

er, have significance only as initial results of observational processing, since they do
not provide any information about the estimated accuracy.

In this connection, along with point estimates, it is customary to consider interval es-
timates, which allow us to obtain information about the accuracy and reliability of
the unknown parameter estimation, which is especially important for small size sam-
ples.

According to definition, an interval estimation is an estimation of parameter 0,

which is defined by two numbers - the ends of interval 6V and 6'», covering esti-

mated parameter 6 with given probability y .

The interval (6, ,6?) is usually called a confidence interval, and the probability »

is called the confidence probability or estimation reliability. The confidence interval
value, which is a direct characteristic of estimation accuracy, depends on the sample
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size n (decreasing as n increases) and the reliability y (increasing as y approaches
1).
It is worth noting that quite often (but not always) the confidence interval is

chosen symmetrically with respect to the unbiased point estimate 0 . In other words,

an interval of the form (8 —¢,8 + &) is chosen.

Here, the number & > 0 is such that | — 68 |< ¢ characterizes the estimation accuracy.

The higher the estimate is, the smaller the difference |6 -4 |.

The value of y is chosen in advance equal to 0,9; 0,95; 0,99 or 0,999which

depends on the particular problem to be solved.

Thus, let us assume that the probability P, that |§—6 |< ¢ is equal to y, i.e., the fol-

lowing equation is true: P(|0 -0 |< &)=y, orthesame: P(J —s <0 <0 +&)=y

According to the latter relation, the probability that the interval (8 —&,8 + ¢ ) covers
the unknown parameter @, is equal to y .

Since econometric problems often require finding confidence intervals for pa-
rameters of a random variable, let us provide examples of their plotting. For the pur-
pose of certainty, we will consider the cases when the sample is taken from the entire
assembly with normal distribution.

3.1.1. Plotting the confidence interval to estimate the mathematical expectation
at a known variance

Let us assume that there is a random variable X distributed according to the normal
law. In this case, the standard deviation o of this distribution is known, and the value
y — 1s defined.

Let us suppose that a series of particular valuesx;, x,,...x,, is a sample that is ob-

tained by making »independent observations of the value X . In order to emphasize

the random nature of the values, let us rewrite them in the form: X, X,,... X, and
therefore, we shall refer to X, as the value of the random variable X in the i ™ expe-

riment. Let us note that the random variables X, X,,... X, are independent and the

distribution law of any of them coincides with the distribution law of the random va-

riable X . In this case, the sample mean of X :lZX . will also be distributed ac-
niz
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cording to the normal law. The parameters of its distribution are as follows:

2
O

MX)=a; D(X)=".
n

Now, we require that the following equation is fulfilled: P(| X —a|< &)=y, in which

y 1s a given reliability.
With the formula P(| X —al< &) = 2@(5) (in which @ is the Laplace function), by
o

replacing X with X and o with o(X) =,/D(X) = %, we can get:

&-n

P()_(—a|<g):2@( J:2@(t):7/,

In which ¢ = (¢+/n)/ o . By determining & = to/+/n from the last equality, we obtain:
P( X —al<to/n)=2®(t) or
P()?—ta/\/;<a<)?+t0'/\/;)=2(D(1)=7/

According to the confidence interval definition, we obtain the confidence interval for
a=M(X):

(X —to/\n<a< X +tc/n),

in which ¢ is determined from the equation 2&(¢) = y by Laplace function tables, at

a given value y .

(Laplace function tables can be found at the end of any textbook on probability
theory and mathematical statistics.)

Therefore, we can say that the resulting confidence interval covers the unknown pa-

rameter a. The accuracy of the estimate: & =r0//n .

Example 1: There is a random variable X distributed according to the normal law
with a known confidence level o = 20 . There are five independent observations of
this quantity, the results of which are: x,=-25, x,=34, x;=-20, x,=10.
xs; =21. Find an estimate of the mathematical expectation a and plot the 95% - con-

fidence interval for it.
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—25+34-20+10+21

Solution: Let's determine the sample mean value: X, = 5 =4,
Given that y =0.95 and @(¢) =0.475, by the table of Laplace functions, we obtain that
to 1.96-20

t=1.96. Then ~17.5. Confidence interval for a=M(X):

T

(4-17.5;4+17.5), i.e. (13.5;21.5).

Example 2. A random variable X has a normal distribution with known standard
deviation ¢ = 3. Find the confidence intervals for the unknown mathematical expec-
tation a over the sample mean x, if the sample size » = 36 and the reliability of the
estimate y =0.95 are given.

Solution: According to the task condition: 2&(¢) =0.95 , therefore @(z)=0.475. Ac-

cording to the table of Laplace functions, we obtain r=1.96. Let us determine the ac-
curacy of the estimate:

e=to/\n=(1.96-3)//36 = 0.98
Thus, the confidence interval: (x—0.98;x +0.98).

For example, if x = 4.1, the confidence interval has the following confidence bounda-
ries:

x—-098=4.1-098=3.12; x+0.98=4.1+0.98=5.08

This means that the value of the unknown parameter a, which is consistent with the
sample data, satisfies the inequality: 3.12<a<5.08.

3.1.2. Plotting the confidence interval to estimate the mathematical expectation
for an unknown variance

Let us assume that there is a random variable X distributed according to the
normal law. In this case, the standard deviation o of this distribution is an unknown
variable, and the value of y —is given.

Find such a number ¢ that the following equation is satisfied

P(|X -alke)=y,or P(X —s<a<X+&)=y.
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a
Let us introduce a random variable: 1 = R 7 in which 7 is the sample size; S is

the so-called corrected standard deviation, which i1s calculated from the sam-

ple:Sz\/ Z(X ~-X,)°
n—1 i=l

The value T has a Student's distribution with (» —1) degrees of freedom. The density
of this distribution is:

2 \2
[1+ d J , in which I — is the gamma function
n— 1) n—1

r(n—1)- F( 5

(taken from the reference tables).
In the left side of the equality P(| X —a|< &)=y, we change from a random variable

Ftn=1)= I'(n/2)

X to arandom variable T :

P §0'<§ =y or  P(TIke/S/Nn)=yorP(T|<t,)=y,

NP
o
o

In which t, =

The value of ¢, is found from the equality: 2_[;7 f(t,n—1)dt =
Using the Student's distribution table, we find the value of 7, depending on the confi-
dence probability y and the number of degrees of freedom (» —1). Then, by deter-

S
7\/;'

mining the value ¢, from the equality 7, =(¢- Jn)/ S, we find the value & =t
Consequently, the equality P(| X —al< &) =y takes the form:

P( <a<X+t

e gl

This means that the interval [ X + - ) covers the value of a=M(X)

X

with probability y, i.e., it is the confidence interval for the mathematical expectation
of the considered random variable X .

Example 3. According to the condition of Example 1, assuming that the random va-
riable X 1s normally distributed with an unknown confidence probability o, plot a
confidence interval for the unknown a = M (X)) . Consider that y =0.95.

Solution: According to the above estimation, x = 4. We find the value of 5 :

S = i((—25—4)2 1+(34-4)" +(=20-4)" + (10— 4)’+(21-4)*) = 660.5

48



49

§~25.7. According to the table for y=0.95 and n-1=4, we find ¢, =2.78 . Conse-

quently, £=2.78- % ~31.9 and the confidence interval is: (-27,9;35,9).

3.1.2.1. Confidence interval for the standard deviation of the normal distribution

Let us assume that there is a random variable X distributed according to the
normal law. In this case, o is an unknown variable, and the value of » is specified. It

is found that if a =M (X) 1s known, then the confidence interval for the standard

\/;'SO \/ZSO

deviation o 1is as follows: [ ; }, in which n is the sample size;
X2 4\

:li(Xz _a)2 >
ni-

and }(12 vy ;(12 ,  are the so-called quantiles of the y?* distribution with n degrees

T,n ) sn
of freedom. They are determined by a special table of quantiles )(fln of y? distribu-

tion.
If the value of a=M(X) is not known, the confidence interval for the unknown x

has the following form:

(V”_I'S; ”n_l'S‘)), in which n is the sample volume, S = Z(X -X)-
X2 X "

corrected standard deviation; y_ = y; y and 7= ;(12 - quantiles determined
7; 7) 1
2

: 1+
from the table ;{fl,k atk = n -1, as well as, respectively, at o = Tanda =—

Example 4. In order to estimate the parameter of a normally distributed random vari-
able, a sample volume of 30 was taken and S =1,5 was calculated. Find the confi-

dence interval covering o with probability y =0.90.
Solution: According to the condition of the task, we have: » =30, y =0.9. Then, ac-

cording to the table )(02! , we find
X = ;(W =77(0.9529)=17.7; 75 =709 =2 (0.0529)=426.
05

Consequently, the conﬁdence interval has the following form:
v30-1-1.5 v30-1-1.5
Jae T 177

J, orl.238< 0 <1.920.
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Pasznen 4.
4.1. CtaTucTH4ecKre runoTe3bl M UX MpoBepka. OCHOBHBIC MOHATHS
Cmamucmuueckotl 2unome3sotl TPUHITO HA3bIBATh JIFO0O0E MPEIIOI0KEHHUE O

BUJC UM IMapaMeTpax HCU3BCCTHOI'O 3aKOHA paCIIpCaACIICHUAA.

Ta TUIoTe3a, KOTopasa OAHO3HAYHO OIPCACIIACT 3aKOH PACHPCACICHUSA, HA3bI-

BAETCS NPOCMOlU, B IPOTUBHOM CIIy4ae — CIIOKHOM.

HyneBoii (H,) Ha3bplBalOT BBIIBUHYTYI THUIOTE3y, KOTOPYIO HEOOXOAMMO
npoBepuTh. ['unoresy (/) IPOTUBONOIOKHYIO HYJIEBOW, HA3bIBAIOT KOHKYPUDYIO-

wetl (MU albmepHamueHoll).

Cmamucmuueckum Kpumepuem TPHUHATO HA3bIBATh OJTHO3HAYHO OTMPE/EICH-
HOE MPaBWIO, YCTAaHABIMBAIOIIEE YCIOBHUS, MPU KOTOPBHIX MPOBEPSIEMYIO THIIOTE3Y

H, cleayet 1ubo NPUHATh, TMO0 OTBEPTHYTh.

OCHOBY KpUTEpHs MPEACTABIISIET CIIEIMAIBLHO COCTaBJICHHAS] XapaKTEPUCTHKA

BBIOOPKH (CTaTUCTUKA) 6, = f(X,,X,,....., X, ) , TOUHOE WM TMPUOIMKEHHOE pacIipeese-

HHUC KOTOpOﬁ HU3BCCTHO.

ITycte umeercss BeIOOpKa oObeMOM n: X, X,,....,X,. Kaxnpli kpurepuit

pa30MBaeT BCe MHOXKECTBO BO3MOKHBIX 3HAUCHUI CTaTUCTUKH Ha JIBE HETEepeceKaro-
IIMecs MOJMHOXECTBA: TaK Ha3bIBAEMYIO0 KPUTHYECKYIO 00JacTh (00JacTh OTKIIOHE-

HHA FI/IHOTGBBI) 1 00J1aCTh IMPUHATHUA THIIOTC3BI.

OcHosHoll npuryun npoeepkKu cunome3vl COCTOUT B TOM, 4YTO CCJIN Ha6J'IIOI[aC-
MBIC 3HAYCHUA CTATHUCTHUKH KPUTCPHUA IIOIIaAJal0T B KPUTHUYCCKYIO 06J'IaCTI>, TO T'MIIO-
TC3Yy OTBCPIaroT. B IMPOTUBHOM CJIy4ac — IIPUHHUMAIOT. 10T IMpUHOUITI HC OaCT JIOTHU-
YCCKOI'o A0Kas3aTCJIbCTBA WJIM OIIPOBCPIKCHUA T'MIIOTC3bI. HpI/I €ro HCIIOJIb30BaHHNU

BO3MOZKHBI YCTBIPC ClIydad:

— I'MITIOTC3a HO BC€PHA U €€ IPpUHUMAIOT COTJIACHO KPUTCPHILO,

—runote3a H, He BEpHA U €€ OTBEPraioT COTIACHO KPUTEPUIO;
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—rumnote3a H, BepHa, HO €€ OTBEPrarT COrIacHO KpuTeputo (omudka 1-ro poaa);

— runore3a H, He BepHa, HO €€ MPUHUMAIOT COTJIACHO KpHUTEpHIo (ommubKka 2-ro po-
na).

Yposuem 3mauumocmu o Ha3BIBAIOT BEPOSTHOCTH COBEPIIUTH OMIUOKY ITEPBO-
ro pona (T.e. OTBEPTHYTh HYJIEBYIO TUIoTe3y H,, KOT/a HAa CaMOM JIeJie, OHAa BepHa).

C yMeHBIIIEHHEM « BO3pacTaeT BEPOSTHOCTHh OMHMOKK [ BTOpOro poxaa (MPUHSATH

H ,,korjia oHa HE BEPHA).

Mownocmoro kpumepust (1— ) NpUHATO Ha3BIBaTh BEPOATHOCTH TOTO, YTO
HyJeBas runore3a H,, OyIeT OTBEprHyTa, ecM BepHa KOHKypupyoomas H,. T.e. He

JOMYCTUTH OMMOKY BTOPOTO poja.

O06o03Hauum uepe3 P(6, e W/ H) — BEpOATHOCTb NONAJaHUS CTATUCTUKU KPH-

~

Tepusi €, B Kputuueckyro obnacts W, ecau BepHa runote3a H . Torna TpeGoBaHus

n

K KpI/ITI/I‘-IeCKOI\/II 00J1aCTH aHATMTHYECKH MOKHO 3aIlMCaTh B CJIeaAyromemM BUAC!

PO, eW/H,))=a,
P(gn eW/H,)=1- f =max,

IJie BTOPOE yCJIOBHE BbhIpakaeT TpeOOBaHUE MAKCUMyMa MOITHOCTUA KPUTEPHSL.

CornacHo MOCIeIHEMY YCIOBHIO, KpUTHUECKass 00JacTh BBIOMpAETCS TaK, YTOOHI Be-
POSITHOCTD TMOMNaJaHusl B Hee ObUTa MUHUMAJIbHOW (paBHOW « ), €Clid BepHA HyJIeBas

runoresa H, a B IPOTUBOIOJI0KHOM CIy4ae — MAKCUMAJIbHOM.

B 3aBucumocTH OT BuJja KOHKYpHUpYIOUIel runores3sl H,; BbIOUPAIOT

IIPaBOCTOPOHHIOHO ( gn >0,):
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JIEBOCTOPOHHIOK0 (6, <0, ,):

® @ >
0. 0

U JIBYCTOPOHHIOIO (gn <O, H 5n >6,2)
® & >
0.1 0,

KPUTHYCCKHC obnacTu.

[Tpu 3amaHHOM YypOBHE 3HAYUMOCTU ! , TPAHUIIBI KPUTHUECKHUX OOacTel orpenens-

0T U3 CIACAYIOIINX COOTHOIIICHUM:

— JJIA IPAaBOCTOPOHHEN KPUTHUUECKOM 001acTu
P@O,>0,)=a
— JUTs1 JIEBOCTOPOHHEHM KPUTHUUYECKOU 001acTH
P(§n <0,)=«a
— 7151 ABYCTOPOHHEH KPUTHUYECKON 00acTH

P@,>6,,,)=al2,
P@,<6,)=al2, e 0,,<0,,,.

['unore3sl NPUHATO pa3nuyaTh Ha napamempuyeckue (0 TIapaMmeTpax pacrpe-
JIEJIEHHs] M3BECTHOIO BHJA) U Henapamempuueckue (0 BUIE 3aKOHA HEU3BECTHOIO
pacnpenenenus). PaccMoTpum 0osiee KOHKPETHBIC TTPUMEPHI .

4.2. IIpoBepka runore3bl 0 YMCJI0BOM 3HAYECHUM JUCIEPCUH TeHePAJIbHOM

COBOKYITHOCTH.
[Ipenmnonoxxum, 4To UMEETCSl T€HEpaJIbHAsl COBOKYITHOCTh M 3HAYEHHE HEKOTO-

poro ee npuzHaka X ABISETCA CIy4ailHOM BEITWYMHON MMEIOIIEH HOpMallbHOE pac-

. L2
npenenenue N(a,0) ¢ HEU3BECTHOM nucriepcuet o~ . IIpennonoxkum Takxe, 4To U3
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3TON COBOKYMHOCTH B3sUIM CITy4allHyI0 BBIOOPKY oO0beMoM 7. [Ipu 3TOM, nucnepcus

S’ ompeneneHHas 1O BbIOOpPKE (WCHpaBlieHHas BBIOOpPOYHAs  AWCIIEPCHS

3

2 i=1

B ﬁ) JIaeT TOJIBKO IPUOIIMKEHHOE MIPEACTABICHUE O O .
n —

TpeGyeTcs MpOBepUTH HyneByio Tunotesy H,: o> =o0,, TAe O, — ONpeNeTeHHOE

3aJaHHOC 3HAYCHHUC JUCIICPCHUMU.

B kaudecTtBe KpUTEpHs, IIPU OLICHKE HYJIEBOW TMIIOTE3bl /1, UCIOIB3YEM CIEAYIO-

2

[I[Y0 BEIGOPOUYHYIO XaPAKTEPUCTHKY: 6, =
o,

, KOTOpasd, IIpHU BBIITOJIHCHUH I'MIIOTC3bI

~ nS?
H,, uMeer pacnpeseneHue 7* ¢ (n—1) creneHsamu cBOGOIEI, T.. 0, = =7,

o,

B 3asucumocmu om koHxypupyroweti eunome3suvl, ciedyem 8bloupams npasoCcmopoH-

HI010, J1e60CMOPOHHIOI0 UMY 08YCMOPOHHION Kpumuueckue ooaracmu. I panuysl Kpu-

. 2 2
muyeckou oonacmu ( x,,) onpeoensiom no maodiuye pacnpedeienus y* Ois 3a0aH-

HO2O YPOBHA 3HadYuUmMocmu & U 4ucia cmenenetli c600600vl V=n—1.

JIst nanpHENIMX paccyXACHHUH, HEOOXOAMMO 3HATh YPOBEHb 3HAYUMOCTH « (BEpO-
SATHOCTH OIIUOKH MEPBOTO pojia). Ty BEIMUYUHY OOBIYHO 33/1at0T 3apaHee, UCTIOIb3YsI
CTaHJapTHBIE 3HaUeHUs: a =0,05; a =0,01; a=0,005; a=0,0)1. (BbiOOp KOHKpPETHOI

BEJIMYMHBI 3aBUCUT OT clieUu(PUKHU peraeMon 3aiaqu !).

I/ITaK, 3aauMCA YPOBHEM 3HAYMMOCTH & U HCpCfII[GM K IMIOCTPOCHUIO KPUTH-

YeCKHUX o0JiacTer IS IIPOBCPKHU T'KITIOTC3bI H o HIPpH CICAYIOINX TPEX aJIbTCPHATHB-

HBIX THIIOTC3aX Hl .

2 2 2
1). H,: 0" =0 >0, . B 3TOM cityuae, BEIONPAIOT IPABOCTOPOHHIOK KPUTUYECKYIO

o0nacts u ;(fp HaXOJAT U3 yCJIOBUS

P(y*> yo(a,n-1)=a,
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rae )(fp (a,n —1) — TabnuuHOE 3HAYeHHE y~ , HAAEHHOE IS YPOBHS 3HAYUMOCTH (X

U yucia creneHend cBodosl (1 —1).

IIpaBuiO MPOBEPKM TUIOTE3BI CIETyIONIEe: eClu y ... (HabomaeMoe 3HaueHHe)
6 2 2 02 H - o?=g2
OKa3bIBACTCS OOJBIIC YeM ¥y, T-€. Y5, > Xrp» TO HYJCBYIO THIOTE3Yy H (! 07 =0y

OTBEPTalOT; €CIU KE J 1,5 < ;(,fp, TO CYMTAETCS, YTO HYJIEBAs TMIIOTE3a HE NMPOTHUBO-

pPCYNT OIIBITHBIM JAHHBIM.

[Ipu 3TOM, NI71s1 BBIYUCIIECHUS MOIIHOCTH KPUTEPHUSI MOKHO BOCIIOIL30BaThCs (HopMy-
JION
2

O
1= f=P(r* > 25 2y (@n =)
1

2). Ilpn xoHkypupyromei runorese H,: o’ :012 <o§ CTPOAT JIEBOCTOPOHHIOIO
KPUTHUECKYIO 00nacTh. ['paHuIly KpUTHUECKON OOJIACTH OMpEeAeNsioT MO Taliuile

pacnpeneiacHus ;(2 U3 YCJIOBUS
l—a=P(y* >z, (1-a;n—1)

2 2
Ecmu y2. < ;(fp(l—a,n—l), TO Tunoresa H,: o° =0, OTBEpracrcs, €Ciu Xe

2 2
Xnaon = Xp(1—a,n—1), T0 THIIOTE3a H |, HE OTBEpraercs.

JIst BBIYMCIICHUS MOIITHOCTH KPUTEPUSI MOKHO BOCTIONIB30BaThCS (hOpMYJIOi
2

(o}
1= =P > 5 25 (- an=1).

1

3). Eciu koHKypupyiomas runotesa H,: ¢’ =0 # 0, TO CTPOAT JBYCTOPOHHIOKO
2 2
KPUTUYECKYI0 00acTh. IIpu 3TOM, JIEBYIO ( ¥y, 10s) ¥ TPABYIO ( ¥y, 1pue.) TPAHHILIBE

KpHTH‘I@CKOﬁ obmactu HaxXoIsiAT U3 YCHOBHﬁ:
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1= (a/2) = P(3 >;(,fp._m_(l—%;n ~1)

a

a/z =P(Zz > pr.npas.(z;n_l)) *

B stOoM cnydae, mpaBuiO NPOBEPKU THUIOTE3bI CBOAMUTCS K CIEAYIOLIEMY: €CIU

2 2 2 "
Xpnpas. = Xnaon. = Xxp.aes.» TO HET OCHOBAHMH ONpoBeprare rumotesy. Ecmm xe

2 2
Zaon, < Xopnes. W Xu, > Xy upas. » TO THIIOTE3A OTBEPTAETCA.

IIpumep 1: ToyHOCTH paboOTHI CTaHKa-aBTOMAaTa MPOBEPSAETCS MO JUCHEPCHH KOH-
TpoJIMpyeMoro pasMepa jaetann. I1o BeiOOpKe u3 25 nerajieid BHIYMCIICHA BEIMYMHA

§? =0,25. TpeOyercst npoBepuTh runoresy H,: o’ =0,15 npu ypOoBHE 3HAYMMOCTHU

a=0,05.

Pemenue: 3a anbTepHATUBHYIO IPUMEM TUNOTe3y H,: o’ > 0,15, T.e. IMeeM Cirydaii

1. ITo cooTBeTcTBYIOIUM Tabnuiam st Kputepus [lupcona, Haxoaum TmpaBylo rpa-

HUIly MHTEpBajla Zz(a,m—l)z ;(2(0,05;24):36,4. CrienoBaTenbHO, KpUTHYECKAs 00-

2

2

~ S
nacth (36,4;0). [lo dpopmyne 6, = oy ompeneisieM TaK Ha3blBaeMoe HaOJIo-

o,

) 25-0,25
JJaeMO€ 3HaYCHUEC KPUTECPU ¥, ., = o015 ~ 42

2
Haoun.

HOCKOJIBKy y4 momnaaacT B KPpUTHYCCKYTO O6J'IaCTI>, TO T'HIIOTC3Y HO OTBCpPracm.

4.3. IIpoBepka runore3bl 0 3aKOHEe pacipeaeeHusl.
[Ipenmonoxum, 4To HY>KHO NMPOBEPUTH rumnoresy H, o TOM, YTO CilydaiHas

BeauunHa X MMOAYUHACTCA OIIPCACIICHHOMY 3adaKOHY pPacCIpCACIICHUA, 3addHHOMY

(dyHkuuen pacnpenenenus Fy(x), r.e. Fy(x)=Fy(x). Ilog anpTepHaTUBHON IMIOTE-
30 OyneM MOHUMAaThb TO, YTO TMPOCTO HE BBINOJHAETCS OCHOBHas T.e. H,:
Fy (x)# Fy(x). JInsa mpoBEpKU TUNOTE3bl O PACIPENEICHUN PACCMAaTPUBACMON CIIy-

YallHOM BEJMYUHBI, MPOBOSAT BHIOOPKY 00BEMOM 7, KOTOPYIO O(QOPMIIAIOT B BUJE

CTaTUCTUYCCKOI'O psja. I[J'I?I TOrIO, YTOOBI CACJIaTh 3aKJIHOYCHHUC O TOM COTJIACYROTCH
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JIN pC3YyJIbTAThI H&6J’IIOI[€HHI>1 C BBICKAa3aHHBIM HPCAITIOJIOKCHUCM, HUCIIOJIB3YIOT CIIC-

UATBHYIO BEJIMYHUHY MOJYYUBIIYIO HA3BAHUE KPUMEPULL COSNACUSL.

Kpumepuem coznacus Ha3bIBalOT CTATUCTUYECKUA KPUTEPUN IIPOBEPKU TMIIOTE3BI O
IIPEAIOIaraéMoOM 3aKOHE HEW3BECTHOro pacupeneneHus. CyIlnecTBYIOT pa3iinyHbIe
KPUTEPUH COTJacHusi, Cpeld KOTOPBIX HamboJiee 4acTo YMOTPeOIsieMbIM SIBISETCA

kputepuii [Iupcona.

Jlnst npoBepku runotessl H, BCIO 001acTh 3HaueHU X pa3OMBarOT HAa m WH-
TepBasioB: A, A,, ..., A, ¥ NOACYUTHIBAIOT BEpPOATHOCTU p, (i=L2,....,m) nonana-
HU citydaiiHOHM BennuuHbl X B uHTepBal A.. C 3TOil €TI0 UCIONB3YIOT (POPMYITY:
P(a <X< ,6’): Fy(B)—Fy(). llpu 5TOM, TEOPETUUECKOE YHUCIIO 3HAYECHUHN CITydai-
HOW BEIWYMHBI X , NONABIIMX B MHTEpBAl A,, MOXXHO IOJCYHTaTh IO (Qopmyie
n- p;. Takum 006pazom, KpoMe CTATUCTUYECKOTO Psiia PACIPEEIICHUS BEIUYMHbI X ,

KOTOPBIN OBLJT MOIYYEH B PE3yJIbTaTe MPOBEACHHON BRIOOPKH

Xl x| X e | X,
no|n |n | ... |n,
m
e Y. m=n,

i=1

MOJIy4aeM €111€ U TEOPETUUYECKUIN sl pacipeacCHuUs:

A, A, A, ... A

m

ro_ r— ro_ -
ng =np, | "M=NMP2 | ny =np;y | oo | My =Dy,

B ToM citydae, eciii Tak Ha3pIBa€MbIE SMIIUPUYECKUE YaCTOTHI 7; CUJIBHO OTJIIMYAIOT-
Csl OT TEOPETUYECKUX (1, = np,), TO MPOBEPSEMYIO THIIOTe3y H, OTBEpraroT, B Mpo-

THBHOM CJIy4ac — IIPUHUMAIOT. B kauectBe MCPBI PACXOXKACHUA MCKIY 3TUMH 4aCTO-

TaMU UCIOJIb3YIOT KpuTepuii (cratuctuky) Ilupcona
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m (n. —np.)* n;
1222( i pz) :Z i _pn.
i=1 np; i=1 NP;

DTa CTATUCTUKA, IPH 71 —> 00, UMEET y~ paclpeneienue ¢ k =m—r—1 cTeneHIMu
CBOOOJIBI, TAIE 7 — YHCIO TPyNn (MHTEPBAJIOB) BBHIOOPKH, ¥ — YHCIIO MAapamMeTpOB
npeanoiaraeMoro pacrpezaenenud. (B yactHoM ciyuae, ecnu mpenrnoiaraeéMoe pac-

IpeeIeHne HOPMAJIBHO, TO CIEAYyeT OLEHUBaTh Ba napamerpa (o u o). Iloaromy:

k=m-3).

3ameuanue: Heobxooumwim ycnosuem npumenenusi kpumepus Ilupcona saensemcs

Hanuyue 8 KaxXcoom unmepeane ne menee namu 3uavenuu (m.e. n, >5). Eciu ¢ om-

O0eIbHbIX UHmepealax ux oxKasvleaemcs: MmeHvuile, no 4HYUcjio UHmepealos Cﬂeayem

VYMeHbUamov nymem 00beOUHeHUs COCeOHUX.

[IpaBuia0 NpUMEHEHHUS ;(2:
2
1). BeruucnsatoT BeIOOpOYHOE (HAOMI0JaEMOE) 3HAYEHUE Y, o CTATUCTUKH KPUTEPHUS;

2). BEIOUpAOT ypoBEHb 3HAYMMOCTH (¢ KPHTEPHS U TI0 TabNHIE y~ - pacipeneneHus

HAXOJAT KPHTHUECKYIO TOUKY 7., .

2 2 2 2
3). Ecna g5, > Xo.4 > TO THIOTE3a H | oTBepraercs. Ecnu y, .. < ¥, ., TO cuuTaer-

cs 4To runore3a H o HE IIPOTUBOPCYUT OIIITHBIM JdHHBIM.

Ipumep 2: M3mepensl 100 oOpaboTtanHbix aetaned. OTKIOHEHUS OT 3aJaHHOIO

pa3Mepa pUBEJCHBI B TAOIHIIE:

[xi,x.0) | [-3,-2) | [-2-D) | [-1,0) [[0,1) |[1,2) [[2,3) |[3.4) |[4)5)

n, 3 10 15 24 25 13 7 3

Tpebyetcs, npu 3agaHHoM ypoBHe 3HaunMoctu « = 0,01, runoresy H, o TOM, 4TO

OTKJIOHCHHUA OT IIPOCKTHOTO pasMEpa MOJYUHAIOTCA HOPMAJIbHOMY 3daKOHY pacCIIpeac-

JICHUA.
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Pemenne: IlockonbKy 4nciao HaOMIOAEHNUN B KpallHUX WHTEpBajiaX MEHbIIIE IISTH, TO
UX clenyeT 0ObeIMHUTh C COCEAHUMHU. B pesynbrare, momayyaeTcst CIeAyomui psia

pacrpeeneHus:

[xi, X | [F3-D [ [-1L0) | [0,1)  [[1,2) |[2,3) |[3,5)

n; 13 15 24 25 13 10

OTKJIOHEHHE pa3Mepa, KOTOPOEe MPEACTABIIET COO0H ClTydaifHyr0 BeTUYMHY, 0003Ha-

yuM yepe3 X . [l onpenencHust BEPOSITHOCTEN p;, BBIYUCIUM IapaMeTphl Opese-

JISIOIME HOPMAJIbHBIN 3aKOH pacnpeneneHus (@ u o).

CornacHo paHee clielTaHHOM BBIOOPKE:

x:ﬁ(—2-13+(—0,5)-15+ ..... +4-10)=0,855~0,9,

D, :$(4-13+0625-15+ ..... +16-10)—(0,855)> ~ 2,809, o~ 1,676 ~1,7.

HOCKOJIBKy cnyqaﬁHaﬂ BeanunHa X HMeEET HOPMAJIBHOC paCIIPpCACIICHUC U OIIPCIAC-

JieHa Ha BCEW YHCIIOBOM OCH , T.€. Ha MHTEpBaye (—00,00), TO KpallHue MHTEPBAJIbI B
psne pacmpeneseHusi 3aMeHseM, COOTBETCTBEHHO, Ha (—o0,—1) u (3,400). B stom

ciyvae

-1-0,9

P = P(—oo <X < —1): @0( j_@O(_OO) :%—®0(1,12) =0,1314. Anamoru4so

b

nomysaem:  p,=0,1667,  p,=02258,  p,=02183,  p,=0,1503,

3-09

Pe=PB3< X <w0)= CDO(oo)—CD()( ] =0,5-@,(1,24)=0,1075.

b

HOJIyquHBIC PE3YIIbTATHI IPCACTABUM B BUIC Ta6J'II/IHBII
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[x;, %) | [=o=1) | [-1,0) | [0,1) |[1,2) [[2,3) | [3,—0)

n, 13 15 24 25 13 10

n' =np | 13,14 16,67 | 22,58 | 21,83 | 15,03 10,75

Jlarnee, BEIYUCTACM J.,:

6 2 2 2 2
Ko = 2= = 3 ) 100=101,045-100 ~ 1,045
C o anp; 13,4 16,67 10,75

[TockonbKy MO BBIOOPKE pacCUUTaHbl JBa mapameTpa, To » =2 . KonuuecTBo UHTEp-

BaJioB 6, T.e. m=6. CnegoBarenbHo k=6—2—-1=3. 3nag uro ¢ =0,01 u k=3, o

Tabmuie y’ - pacIpeeIeHns onpeenseM Zi, =113.

2 2
ITockONBKY ¥, s < Xo i » CACNOBATEIIBHO, OTBEPIaTh MPOBEPSIEMYIO TUIIOTE3Y HET OC-

HOBaHUU.

Section 4.
4.1. Statistical hypotheses and their testing. Basic concepts
Any assumption about the type or parameters of an unknown distribution law is

called a statistical hypothesis.

If a hypothesis unambiguously determines the distribution law, it is called a

simple hypothesis, otherwise it is called a complex hypothesis.

The null hypothesis (/) 1s a hypothesis that is to be tested. Any hypothesis
(H,) that 1s opposite to the null hypothesis is called a competing one (or an alterna-

tive hypothesis).

The statistical criterion is a uniquely defined rule that establishes the conditions un-

der which the hypothesis Hto be tested should be either accepted or rejected.

A specially compiled characteristic of a sample (statistic) &, = f(x,, %y, X, ) 5

> n

whose exact or approximate distribution is known, is the basis of the criterion.
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Let us assume that there is a sample with the size n: X, X,,.....,X . Each cri-

terion divides the entire set of possible statistic values into two non-intersecting sub-
sets: the so-called critical area ("area of hypothesis rejection") and the area of hypo-

thesis acceptance.

The basic principle of hypothesis testing assumes the hypothesis rejection if the
observed values of the criterion statistics fall into the critical area. Otherwise, it is ac-
cepted. This principle does not provide a logical proof or disproof of the hypothesis.

When using it, four cases are possible:

- the hypothesis H,is true and it is accepted according to the criterion;
- the hypothesis His not true and it is rejected according to the criterion;

- the hypothesis H|jis true, but it is rejected according to the criterion (error of the 1st
kind);
- the hypothesis H,is not true, but it is accepted according to the criterion (error of

the 2nd kind).

The probability of making an error of the first kind (i.e., rejecting a null hypo-

thesis H,when in fact it is true) is called a significance level . With decrease of «,
the probability of making the error S of the second kind (to accept H when it is not

true) increases.

The probability that the null hypothesis H, will be rejected if the competing hypo-
thesis H, is true is called the power of the criterion (1— f). In other words, it is ne-

cessary to prevent an error of the second kind.

Let us define P(d, e W / H) as the probability of the criterion statistics ¢, fall-

ing into the critical area W, if hypothesis H is true. Then the requirements to the crit-

ical area can be written analytically in the following form:
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PO, eW/Hy))=a,
PO, eW/H,)=1- f§=max,

in which the second condition expresses the requirement of the maximum criterion

power.

According to the last condition, the critical area is chosen so that the probability of

falling into it is minimal (equal to «), if the null hypothesis H,,is true, and in the op-

posite case - the probability is maximal.

Depending on the type of competing hypothesis H, one chooses

right-handed (8, > 6,,,):

¢ L 4 >
0 0.
left-handed (0, <6, ):
@ @ >
0.. 0
and bidirectional (67,1 <60, m 67n >6,2)
>

L4 L ¢
ekp,l efcp,Z

critical areas.

At a given significance level «, the boundaries of the critical areas are determined

from the following relations

— for the right-hand critical area
P@,>0,)=a

— for the left-hand critical area
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P0,<0,)=a
— for the bidirectional critical area

Pg,>0,,,)=al2,
P@,<6,)=al2, inwhich 6, <6, ,.

Generally, hypotheses are classified into parametric (about the parameters of a
known kind of distribution) and nonparametric (about the kind of law of an unknown

distribution). Let us consider more specific examples.

4.2. Testing the hypothesis about the numerical value of the entire assembly va-
riance.
Let us assume that there is an entire assembly and the value of some attribute

X is a random variable that has a normal distribution N(a,o) with an unknown va-

- 2
riance o~ . Let us also assume that a random sample of volume n was taken from

this assembly. In this case, the variance of s* determined from the sample (the cor-

S, -X,)

i=1

(n—1)

rected sample variance of S* = ) gives only an approximate representation

of o2.

We need to test the null hypothesis H: ¢*> = o, where o is a certain given value

of the variance.

When evaluating the null hypothesis H,,, we use as a criterion the following sample

2

characteristic: 6, = ns , which, if hypothesis H,is satisfied, has a distribution y?*

o,

2
nS® 5

o,

with (n - 1) degrees of freedom, i.e. &, =

Depending on the competing hypothesis, the right-hand, left-hand, or bidirectional

critical areas should be chosen. The boundaries of the critical area ( ;(,fp) are deter-
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mined by y* distribution table for a given level of significance x and number of de-

grees of freedom v =n — 1.

In order to do further reasoning, it is necessary to know the significance level x
(probability of error of the first kind). This value is usually set in advance, using

standard values: « =0.05; @ =0.01; a=0.005; « =0.0)l. (The choice of a particular

value depends on the specifics of the problem to be solved!).
So we set the significance level H,, and proceed to construct critical areas for

testing hypothesis x under the three following alternative hypotheses H,:

1). H: 6®> =0} >0o,. In this case, the right-hand critical area ;(,fp is chosen and

found from the condition
2 2
P(Z > pr(aon - 1)) =q,
In which ;(,fp (a,n—1) — - is the table value, found for the significance level @ and the

number of degrees of freedom (n —1).

The rule for hypothesis testing is as follows: if y?_ (observed value) is greater than
X 1-€. Xiugn > Xry» then the null hypothesis Hy: o = o is rejected; if x5 < Zi,»

then it is considered that the null hypothesis does not contradict the experimental da-

ta.

To calculate the power of the criterion, you can use the following formula

2
O
1- B=P(y> >O_—g;(,fp(a,n—l))
1

2). In the competing hypothesis H,: o> = ¢ <o, the left-hand critical area is plot-

ted. The boundary of the critical area is determined by the y?* distribution table from

the condition
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l—a=P(y* > z;,(1-a;n—1))

If }(fa@, < ;(,fp (I-a,n—1), then hypothesis H,: oc’=0c; 1is rejected, but

ify2. > ;(fp (1-a,n—1), then hypothesis H,, is not rejected.

The following formula can be used to calculate the power of the criterion

1-B=P(;* > ka(l a,n—1)).
O'

1

3). If the competing hypothesis H,: o> = o} # o, then a bilateral critical area is

plotted. In this case, the left ( ;(fp.ﬂe&) and right ( ;(fp.npa&) boundaries of the critical

area are found from the conditions:
1= (@/2)=P(1* > Yo 1 =51 —1))

a/z P(Z >zxpnpa6( N _1))

In this case, the rule of hypothesis testing is as follows: if ;(fp.npa& > yo > X rpnce.

: . : 2 2
there is no reason to disprove the hypothesis. If ¥,.5, < X6, OF Xrse > Zupmpas » then
the hypothesis is rejected

Example 1: The accuracy of the automatic machine is checked by the variance of the

controlled part size. The value S*=0.25 is calculated on a sample of 25 parts. We

need to test the hypothesis H,: o’ =0.15 at the significance level of « = 0,05 .

Solution: We consider H,: o’ > 0.15 as an alternative hypothesis, i.e. we have case

1. According to the corresponding tables for the Pearson's criterion, we find the right

boundary of the interval y*(a,m—-1)= y*(0.0524)=36.4. Hence, the critical area
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2
= v, we determine the so-called observed val-

(36,4 ;). Using the formula 6, = )

o,

25-025 _

ue of the criterion y. . = 015 42 .

Since ., is within the critical area, we reject the hypothesis H,,.

4.3. Testing the hypothesis about the distribution law.
Let us assume that we need to test the hypothesis /|, that a random variable

X follows a certain distribution law defined by the distribution function Fjy(x), i.e.
Fy(x)=F,(x). We will define the alternative hypothesis as something that is simply
not satisfied by the main hypothesis, i.e. H,: F,(x)# Fy(x). To test the hypothesis

about the distribution of the random variable in question, we conduct a sample of 7,
which is drawn in the form of a statistical series. In order to conclude whether the re-
sults of observations are consistent with the stated hypothesis, a special value called

the goodness-of-fit criterion is used.

A statistical criterion for testing a hypothesis about the assumed law of an unknown
distribution is called a goodness-of-fit criterion. There are various goodness of fit cri-

teria, among which the Pearson's criterion is the most commonly used.

For hypothesis H|, testing, the entire range of X values is divided into m inter-
vals: A, A,,..., A, , then we calculate the probabilities p. (i =1,2,....,m ) of a random
variable X falling into the interval A,. In order to do this, the following formula is
used: P(a <X< ,B) =F,(f)—Fy(a). Thus, the theoretical number of values of a ran-
dom variable X which fall into the interval A; can be calculated using the formula
n- p,. Consequently, in addition to the statistical series of the X value distribution,

which was obtained as a result of sampling

XX | X% | | X

1
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In which > n, =n,

i=l

we also get a theoretical distribution series:

A, A, A, | A

m

" r
I’l{ = np, n2_np2 l’lé =hnp; nm_npm

Should the so-called empirical frequencies n, differ significantly from the theoretical
frequencies (n, = np,), then the hypothesis H, is rejected, while otherwise it is ac-
cepted. As a measure of deviation between these frequencies, Pearson's criterion (sta-

tistic) is used

m 2

m (n, —np,)? n;
1222(1 pz) :Z L _p.
i=1 np; i=1 NP;

Given n — o0, this statistic has an y? distribution with ¥ = m — » —1 degrees of free-

dom, where 7 is the number of sample groups (intervals), » is the number of para-
meters of the assumed distribution. (In the special case, if the assumed distribution is

normal, then two parameters (& and o) shall be estimated. Therefore: & = m —3).

Note: A prerequisite for applying Pearson's criterion is to have at least five values

(i.e. n; 25) in each interval. If there are fewer values in individual intervals, the

number of intervals should be reduced by combining neighboring intervals.

Application rule y*:

1). The sample (observed) value y2_ of the criterion statistic is calculated,

2). The significance level a of the criterion is chosen and the critical point ;{ik 1s

found according to the table of y* -distribution.
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3). If Zfa@ > ;(i’k, then H, hypothesis is rejected. If ;(,i@l < ;(i’k, it 1s considered

that F, hypothesis does not contradict the experimental data.

Example 2: 100 machined parts were measured. The deviations from the specified

size are shown 1n the table:

[x,%,) | [-3- |[-2- |[-LO) [ [0,D) |[1,2) |[[2,3) |[3.4) |[4)5)
2) 1)

n; 3 10 15 24 25 13 7 3

At a given significance level « =0.01, it is required to hypothesize Hthat the devia-

tions from the designed size follow the normal law of distribution.

Solution: Since the number of observations in the extreme intervals is less than five,
they should be combined with the neighboring ones. As a result, the following distri-

bution series is obtained:

[xi9xi+1 ['33'1) ['1’0) [071) [192) [293) [395)

n, 13 15 24 25 13 10

We denote the size deviation, which is a random variable, by X . In order to deter-

mine the probabilities p;, let us calculate the parameters defining the normal law of

distribution (& and o).

According to the previously made sample:

x:ﬁ(—2-13+(—0.5)-15+ ..... +4-10)=0.855~0.9,

D, :ﬁ(4-13+0.zs-15+ ..... +16-10)—(0.855)* ~2.809, o ~1.676~1.7.
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Considering that the random variable X has a normal distribution and is defined on
the entire numerical axis, i.e. on the interval (-, ), we replace the extreme inter-
vals in the distribution series with (—c0,—1) and (3,4 ), respectively. In this case

-1-0.9
1.7

, :P(—oo<X<—1):<DO[ j—(DO(—oo) =%—<p0(1.12) =0.1314.

Similarly, we  get: p,=0.1667,  p,=0.2258, p,=0.2183,  p,=0.1503,

pe=PB<X<w)= CDO(oo)—(DO(%j =0.5-d,(1.24) = 0.1075.

The results are presented in the form of a table:

[x, %) |[—oo=D)[[-10) [[0,]) |[L2) |[2,3) |[3, )

n, 13 15 24 25 13 10

n' =np, | 13.14 16.67 | 22.58 | 21.83 | 15.03 10.75

Then, we calculate 2 :

Ao =) ———n= Forerrnt

) S n’ 13° . 15 10?
134 16.67 10.75

j—lOO:101.045—100z 1.045

As there are two parameters calculated on the sample, then » = 2. The number of in-
tervals is 6, i.e. m = 6. Consequently, k =6-2-1=3 . Knowing that ¢ =0.01 and

k =3, we use the table of y - distributions to determine y7, =11.3.

Since ;(3616/7 < ;{é i » therefore there is no reason to reject the tested hypothesis.
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Anpapen bopucosuu Kosmakos

Anna CepreeBHa Pykomuna

KpaTtkuii Kkypc nekuuii no JUCHUIIINHE
«Teopus seposmuocmeu u Mamemamuueckas cmamucmura
Yacte 2. MaTemaTHueCcKasiCTaTUCTUKA.
(Short course of lectures on the discipline “Probability theory and Ma-
thematical statistics” Part 2. Mathematical statistics)
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